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Perturbation Theory Around Nonnested Fermi Surfaces.
I. Keeping the Fermi Surface Fixed
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The perturbation expansion for a general class of many-fermion systems with a
nonnested, nonspherical Fermi surface is renormalized to all orders. In the limit
as the infrared cutoffl is removed, the counterterms converge to a finite limit
which is differentiable in the band structure. The map from the renormalized to
the bare band structure is shown to be locally injective. A new classification of
graphs as overlapping or nonoverlapping is given, and improved power counting
bounds are derived from it. They imply that the only subgraphs that can generate
r factorials in the rth order of the renormalized perturbation series are indeed the
ladder graphs and thus give a precise sense to the statement that “ladders are the
most divergent diagrams.” Our results apply directly to the Hubbard model at
any filling except for half-filling. The half-filled Hubbard model is treated in
another place.
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1. INTRODUCTION AND OVERVIEW

1.1. The Problem

Consider the following problem in many-body physics. Let A4 be a finite
box in d-dimensional space, ie., 4 cR? or AT, where I is a lattice in
R let ¢,(x) and ¢J(x) be fermionic annihilation and creation operators
obeying the canonical anticommutation relations {c,(x),c}(x")} =
0,-0(x—x'), and let # be the fermionic Fock space generated by this
algebra.'" Let H = H,+ AV be the operator on Fgiven by

Ho=ZJdS(X)c;“(x)(T+ U) c,(x) (1.1)

where T is an operator describing the one-particle kinetic energy, U is multi-
plication by a periodic potential, and { ds(x) denotes |, dx for a continuous
system and 3" . , for a system on a lattice. Let n,(x)=c}(x) ¢,(x) be the
number operator at x for spin ¢. The interaction

V= Z J ds(x) [ ds(x") n(x) v (x — X' n.(x") (1.2)

is assumed to be short-range (see Assumption Al below). The Hamiltonian
H , describes many electrons in a crystal or on a lattice that interact with
a stationary ionic background through U and with each other through the
pair potential V. If the coupling strength of the electron-electron interac-
tion A=0, the electrons move independently according to the one-particle
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Schrodinger operator T+ U(x). In the continuum system T'= —4/2m is the
Laplacian and U(x + y) = U(x) for all y e I', where the lattice I is generated
by d linearly independent vectors in R? (e.g., I'=Z“); in the case of a lattice
system, U=0 and the kinetic energy T is defined by the hopping matrix
between the sites of the lattice. For A#0, the potential V takes into
account interactions such as screened electromagnetic interactions. A slight
generalization of (1.2) allows for inclusion of phonon-mediated inter-
actions.

Let f=1/kT be the inverse temperature and define the grand canoni-
cal partition function Z , as

Z  =tre PHi—uNO (1.3)

where

N/,—ZJ ds(x) n,(x) (1.4)

is the number operator, u is the chemical potential, and the trace is over
Fock space. For an observable ¢, ie, a polynomial in the fermion
operators, the thermal expectation value is defined as

1
<CO>A=Z—tr(e*ﬁ(H,I—I‘N/l)C()) (15)

A

The question we are interested in is whether the thermodynamic
limit =lim,_.., % of the connected Green functions ¥, =
et (xl < Cor (X)) 4t.conn» Which are special cases of ¢’ above, exists and
whether in finite volume 2 weak-coupling expansion

9=73 X6, (1.6)

r=0

can be used to determine the dependence of 4 on A

For this question the most interesting, because most singular, case is
that of zero temperature, T=0. For positive temperature or the finite-
volume lattice case the expansion obtained by expanding the factor e*” in
1 is convergent, but its radius of convergence shrinks to zero in the ther-
modynamic and zero-temperature limit: at 7=0 and in infinite volume,
one cannot even pose the question of convergence of the expansion in 4
because the coefficients G, already diverge for r=3. In the limit 7— 0,
(1.5) reduces to expectation values in the ground state of the system, so
physically the question is about the nature of the many-particle ground
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state of the system and the validity of perturbation theory to calculate n-point
functions. The radius of convergence of the unrenormalized expansion in
finite volume shrinks to zero as the volume goes to infinity. Thus, although
the expansion converges for the large but finite systems which these models
are to describe, this is true only if 4 is of order 1/volume, which is obviously
unrealistic for any macroscopic system. Consequently, the unrenormalized
expansion will not give insight into the properties of the ground state.

In this paper we consider formal perturbation theory. That is, we
study the thermodynamic limit of the coefficient functions G,. By an
analysis similar to ref. 2, the expansion is renormalized so that these func-
tions converge as the volume goes to infinity. More precisely, we introduce
a well-defined infinite-volume model obtained by cutting off the singularity
at the Fermi surface (i.e., introducing an infrared cutoff) and renormalized
by including counterterms K in the action, and then show that all coef-
ficients G, have limits as the infrared cutoff is removed. Although we do not
go through the finite-volume bounds here, it will be clear from the way our
bounds are derived that the same procedure can be applied to obtain an
expansion in finite volume with coefficients that converge in the thermo-
dynamic limit. The counterterms are bilinear in the fermions and can there-
fore be viewed as a modification of H, (although they are treated as extra
interaction vertices in the formal expansion). They also have finite limits as
the infrared cutoff is removed. The addition of the counterterms K changes
the free Hamiltonian H, to H,= H,+ K, where K depends on A and H,.
Thus the free part of the model is no longer fixed, but changes with 4 as
well: introducing counterterms changes the model. One can, however, obtain
an infrared finite expansion for a prescribed free model, ie., with H,
prescribed, by solving H,= H,+ K(H,) for H,. This is far from straight-
forward because for the nonspherical Fermi surfaces that we study here,
the counterterms are not just constants (such as a shift in the chemical
potential x), but functions, ie., they change the one-particle kinetic
energy operator T in a nontrivial way. Therefore, the equation for H, is an
equation in a function space. In this paper, we prove that it has at most one
solution H,. In a separate paper,''” we prove the existence of the solution.
The equation relating H, and A, will also be discussed in more detail below.

Except for special cases, the renormalized expansion is, as an expan-
sion in A, not convergent but only locally Borel summable because the coef-
ficients behave as G, ~ r!l. The occurrence of these factorials indicates that
the nonperturbative ground state may exhibit symmetry breaking. For
example, if the interaction is attractive in the zero angular momentum sec-
tor, this is the case.'* One of the main results we shall prove here is that
for a very wide class of models, and regardiess of the sign of the interac-
tion, the r factorials in individual graphs come only from ladder diagrams.
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By “locally Borel summable” we mean here and in Theorem 1.2 that
the Borel transform is analytic in a disk of strictly positive radius R> 0.
This does not imply that the function is “Borel summable” in the sense that
it can be reconstructed uniquely from its Borel transform. For that, one
would need, among other things, analyticity of the latter in a neighborhood
of the entire positive real axis.

Renormalization has been done'?) for the continuum case where
T=—4/2m and U=0. We shall refer to this case as the spherical case
since the band structure (defined below) has an O(d) rotational symmetry.
The procedure for removing the divergences in the present case is similar
to the spherical case in that we have to renormalize two-legged insertions.
However, the present work is a nontrivial extension of ref. 2 because in
contrast to the spherical case, the counterterms are not constants. In brief,
subtracting functions is much more complicated than subtracting con-
stants. In particular, the regularity properties of the counterterms are quite
subtle.

In the remainder of this introductory section, we give a nonrigorous,
physical discussion of why divergences occur and how they may be
removed by renormalization. We hope that this will convince the reader,
before going through all the details, that the renormalization subtractions
are natural and the divergences of the naive expansion are artificial in these
models. We state our main results in Section 1.5 and then discuss their
physical interpretation. Finally, we give an overview of the sections con-
taining the proofs. Every section begins with a brief explanation of what is
done and how it fits into the general strategy.

1.2. The Formal Perturbation Expansion

The models have the formal functional integral representation
P, f7)=wa Dy e + )+ (i) (07)

where of = _—(J, C~'Y)—AV, DyDy is the formal measure
H.\'.a d‘//u(x) dlpa(x)’

(¥, €)= [ ds(x) ds(y) T ulx)C ol M p(3) (18)
o f

and

V=[ds()ds(x) T Fol¥) Y p00) B g5, ¥) WXV Yp(x) (19)

LN/ NN}

822/84/5-6-22
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where now jds(x) F(x) stands for the integral over the spatial variable x
and imaginary time 7, x =(t, X), with an appropriate measure, e.g.,

ds(x) = dr d“x (1.10)

for a continuous system on [0, 8] x R and

i
jds(x)F(x)=f/ dr Y F(z,x) (1.11)

0 xel”
for a lattice system on [0, 8] x T, eg, I'=27Z“ Here f=1/kgzT is the
inverse temperature. The imaginary time is introduced to get a functional
integral representation for the trace over Fock space in the standard way.
The connected Green functions can formally be calculated as derivatives of
log P with respect to the sources # and 7.

In this paper, we consider the limiting case 7=0, so f=o00 and the
configuration spaces are R“*' and Rx I” (e.g., Rx Z9), respectively. The
spin index is ae {1, |}, and the interaction is assumed to be translation
invariant, so that

6a/3.a’/l’('va ~\J) = U:xﬁ,ot’/}’(r - T,a X— X’) (112)

and is short range, i.e., v decreasing so fast that its Fourier transform & is
at least twice differentiable (see Assumption Al below). Note that we do
not assume that it is instantaneous. For simplicity, we also assume that it
is spin-diagonal, i.e., U, .y = 0,0y v. In contrast to the assumption about
the decay of v, the latter assumption is merely for notational convenience
and can easily be dropped.

One may imagine v to arise from exchange of (quasi)particles like
photons or phonons and formalize this by a Hubbard-Stratonovich trans-
formation, introducing one or more scalar fields with covariance v so that
the interaction vertex is resolved as an exchange of fields and the interac-
tion becomes bilinear in the fermion fields. For the purposes of the pertur-
bation expansion we shall not need this. In particular, since we assume
smoothness of #, we shall not need a cutoff on the interaction lines, and we
shall often draw graphs with four-legged vertices instead of ones with inter-
action lines.

For the lattice models, we take

(CTNX, X)) = 0,40 (B — 1) = Ty _ ) 3(z — ') (1.13)

where p is the chemical potential and T _ . is the amplitude for hopping
from site x to site x’, which we assume to the symmetric and short ranged
(see Assumptions A2 and A3 on e below).
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A model of particular interest that is easy to formulate but difficult to
analyze is the Hubbard model, for which

T,= Y 1,0,, (1.14)

Iyl=1

with 7 the so-called hopping parameters. In the simplest version of the model,
t,=t1s the same for all y of length one, so the operator T is just the discrete
Laplacian on Z¢, with the diagonal term omitted since it can be absorbed in
the chemical potential 4, and the interaction term is one-site and spin-diagonal,

Uaﬂ.a'ﬂr(x—X’)=5“,51ﬂ(5a1/}: (1.15)

Various extensions of this model, e.g., with more complicated finite-range
hopping, have been studied in connection with high-temperature super-
conductivity. For suitable values of the filling factor, they all fall into the
class of band structures discussed here. For a review of mathematically
rigorous results about the Hubbard model, see ref. 4.

Formally equivalent to P, but in fact much more convenient is the
generating functional for connected amputated Green functions

_ 1 o o
YW b =log = [ DY D e F- Wity swed b (116)

where the constant Z takes out the field-independent term so that
%4(0,0)=0. As written above, ¥ is not a well-defined object in infinite
volume; it can be made well defined by restricting to a finite volume A or
by introducing a suitable cutoff. If the free covariance C is bounded and
any power of it is integrable, (1/]4]) ¢, exists and is analytic in A, as was
first observed by Caianiello. However, for any realistic model, C will not
have these properties unless cutoffs are imposed. The radius of convergence
obtained using naive bounds shrinks to zero when the cutoffs are removed,
and establishing analyticity uniformly in the cutoffs requires techniques as
in ref. 5.

Our analysis is done in momentum space, where from now on momen-
tum is short for Bloch’s quasimomentum, which can be used to label one-
particle states because of the periodicity of the one-article potential U. In
infinite volume, momentum space is the first Brillouin zone 4, 1., the torus

A =RYr+* (1.17)

where I'* is the dual lattice to I, e.g., I'* =2rZ" for I'=2" In finite
volume, the momenta are in a finite subset of &, p=_2nn/L with ne 2/~ A
if the volume is a box of side length L. The eigenfunction expansions used
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to transform into momentum space are discussed briefly in Appendix B for
the general case; for the purposes of this introduction, we just give the for-
mulas for the case of a lattice model on Z“, where we can simply do a
Fourier expansion. The only changes in the general case are (of course)
that the Brillouin zone will differ with the lattice and that the formulas for
switching between position and quasimomentum space involve the eigen-
functions of the one-particle Hamiltonian A, with the periodic potential.
Under the Fourier transform

|p('\) =(2n)—(d+l)Jddp dpoe—ipur+ipx \/;(P)
(1.18)

o= (27[)_(“”“"1) dpo €707 =% | p)

the quadratic part of the action becomes

(F, €)= @m) =1 [ d% dpo W(p)ipo—e(P) Y(p)  (119)

where we have dropped the carets and introduced the band structure

e(p)=e(p)—u (1.20)
where
e(p) = [ ds(x) e T, (121)
and, with p,=((p,)o. p;) and
dpg ddp
d{l+l =d do 70 ]
p=dp,dp 27 (2n)° (1.22)

the interaction becomes

V=Jd"+'p,...d"*‘p4(2n)"*'5((pz+p4—p| —P3)o)

x3%(p,—p, +Ps—DP3)
X 5(ps— ;) W(py) Y(py) Y(p3) ¥(pa) (1.23)

Here 0% is the delta function on %; more explicitly,

1

5#(P)=@)—d

Y e =Y §p+y) (1.24)

xezd yerI#*
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where the J on the right side denotes that on R% In general, the solution
of the one-particle problem will produce crossing bands. We exclude this
case here, and we also introduce an ultraviolet cutoff that removes the
high-energy bands. For the lattice systems, such a cutoff is already built in
as the lattice spacing; for continuous systems, it is not a real physical
restriction since high energies do not occur in a crystal. If there are finitely
many bands that do not cross, the band index is just a bookkeeping device
dragged along, so, without loss, we restrict to the one-band case here.

For A=0, the fermions do not influence each other and the model is
completely characterized by the covariance C,

B de e—ip0r+ipx
C(x)_fd e (1.25)

in the sense that all 2x#-point functions are determinants of matrices with
elements C(x,— x)).

The propagator in momentum space, C(p)=e™°"/(ip,— e(p)), has a
singularity at p,=0 for all peS, where S={p:e(p)=0} is the Fermi
surface of the independent-electron approximation. Although the function
1/(ipo—e(p)) is in L}}°(R x ) for all € [0, 1), graphs in the perturbation
expansion diverge because of the singularity on S and because in the
expansion, arbitrary powers of C are integrated. The numerator ¢™°" is
included in the standard way since we want to consider the expansion
around the situation where all states inside the Fermi surface, ie., those
with e(p) <0, are already occupied.

Expanding ¢ in a formal power series in A, we can write

G, W)=Y V4., ¥.) (1.26)

rz0

with

awi=3 3 [[apenst (S o- 3 o)

i=1 i=m+1

n

X (G.?,m.r)a] ..... ti,,,(pl 3ty pZm- I) H l/ja,-(pi) Ji,-(pm+i) (127)

i=1

where the coefficient function G,,, is totally antisymmetric in the
simultaneous exchange of momenta and spin indices (see Section 2.3).
Again, the 6% is periodic with respect to I'* in the spatial part of the
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momentum. The coefficient G,,,, can be expressed in the usual way as a
sum over values of connected Feynman diagrams. The sum over m runs
over a finite index set for each fixed r because the number of vertices is r
and the graphs are connected with 2m external legs.

The Feynman graphs are similar to those in quantum electrodynamics:
there are two types of lines, namely fermion lines (drawn solid), carrying
a direction, and interaction lines (drawn dashed). The vertices have two
legs to which fermion lines can be connected (one incoming, one outgoing)
and one leg for an interaction line. The action determines the assignment
of propagators C(p) to fermion lines, (p) to interaction lines, and momen-
tum conservation delta functions to vertices. Equivalently, one can replace
two vertices that are joined by an interaction line by a single four-fermion
vertex with exactly two incoming fermion legs and exactly two outgoing
fermion legs. The graphs then have only four-legged fermion vertices and
only fermion lines. There is one notable difference between the cases U=0
and U#0: In the spherical case (U=0), where &(p) =p*/2m, pe R’. The
corresponding ultraviolet problem (behavior at large |p|) was solved in
ref. 2. In the presence of a crystal potential (U 0), the integrals over the
spatial part of the momentum are over the first Brillouin zone 4, which is
a compact set. Thus there is no case of large p here. Momentum conserva-
tion at every vertex means conservation in 4, as given by * above. If one
prefers to think of the momenta in R fixing momenta with §* means that
at every vertex, there remains a sum over ye I'*. Although formally
infinite, this sum always contains only one nonzero term since there is a
unique ye I'* that translates back a vector in R“ into the fundamental
domain of the translational group I'*. However, it is natural and simpler
to consider momentum space as the torus & since ¢ is I"*-periodic.

For example, in the Hubbard model,

o

e(p)=21 ) cos p,—u (1.28)

i=1

is the tight-binding band relation and d(p)=1.

The much more general class of models and the range of chemical
potential 4 that we treat in this paper are given by the following assump-
tions.

1.3. Assumptions

We assume that the one-particle problem (discussed in Appendix B) is
such that we have a Brillouin zone # which is a d-dimensional torus of
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type (1.17). We assume that e=¢—pu [see (1.20)] is a continuous function
on # and that for some value u, of the chemical potential, the Fermi
surface

S={pe#: e(p)=0} (1.29)

has only a finite number of connected components. Furthermore, there are
k =2 and a neighborhood .4 of S such that:

A1 The interaction e C*(Rx 4, C). The sup norm over R x4 of
the first & derivatives is finite. § has the symmetry &(—p,, p) =
B(po, )-

A2 The band structure e e C*(.4", R), and Ve(p) #0 for all pe S.

The third assumption is a geometrical condition on the Fermi surface. It
is very simple to understand and is fulfilled for generic surfaces. Let
n: S = RY ww n(w)=(Ve/|Ve|)w), be the unit normal to the surface. By
A2, S is a C* submanifold of #, and n is a C*~' unit vector field. If S
consists of more than one connected component, choose a normal field for
any component. For w, ®' €S, define the angle between n(w) and mw')
by

O(w, ') = arccos(n{w) - n(w")) (1.30)
Let

Yw)={w'eS: |n(w) n(w)| =1} ={w'eS: n(w)=+n(w)} (1.31)

and denote the (d — 1)-dimensional measure of 4 = S by vol,_, 4. Also, for
any AR’ and >0, denote by Uy(4)={peR* distance(p, 4) <} the
open f-neighborhood of 4. For fixed & and y,, we assume:

A3 There is an open interval .# around u, and there are strictly
positive numbers Z,, Z,, p, fi,, and « such that for all e .4, the
Fermi surface S=S(u)={pe#: e(p)=0} has the following
properties: S(u) < .4, and for all §<f, and all we S:

(1) vol,_ (U 2(w)) " S) < Zyf".
(11)-If 0’ ¢ Ug(Z(w)) N S, then

Isin O(w, )| =[1 —(n(w) - n(w'))*1'? > Z, p*
Throughout this paper, A1-A3 will be assumed to hold, and x will be

assumed to lie in the interval .# specified in A3. We now explain what
these assumptions mean.
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Assumption Al on 7 is a decay assumption in position space, e.g., for
an instantaneous interaction ¥ on a lattice system on Z¢ and k=2, Al
holds if

Y IxPPIV(x)| < oo (1.32)

xezd

For continuous systems, Al is implied by a similar integral condition.

Assumption A2 excludes singular points. For example, a point p on S
where Ve(p) =0 is called a van Hove singularity.

The condition that e is continuously differentiable is fulfilled for the
case where e comes from a Schrodinger equation for the one-body problem
with a regular periodic potential, if there is no level crossing. Indeed, it is
real analytic. In lattice models with finite-range hopping, e is analytic.
However, infinite-range hopping is also allowed: e e C* if the kth moment
of the hopping amplitude exists, ie, 3 |x|* |T,| < co.

Assumption A3 is, more informally, that for every we S:

(i) The set of points ' where the normal n{w’) is parallel or
antiparallel to n(w) has positive codimension x>0 in S.

(11} If &' is not in the set 2(w), where the normal is (anti)parallel to
n(w), the angle between n(w) and n(w') increases with some
power of the distance between @' and Z(w).

Thus in order to violate these assumptions, the surface S must have flat
regions or subsets where #(w, ') vanishes exponentially fast as | — w’| = 0.
To illustrate A3, we show in Fig. | an example of a Fermi surface in d=2
(ie., a Fermi curve) on # =R?/2nZ> that satisfies A3. In Fig. 1, the square

Fig. 1. An example of a Fermi surface obeying Assumption A3,



Perturbation Theory Around Nonnested Fermi Surfaces 1221

bounds the fundamental region [ —=, n)* for the torus &, and the shaded
areas indicate e(p) <O0.

Assumptions A2 and A3 imply the following bound, which we shall
use in the proofs.

Volume Improvement Estimate. There is ¢>0 and there is a
constant C,,, such that for all g e€.# and for all 4, >0, n,>0, ;>0

L1y, 12, 13) < Coo M 11215° (1.33)
where

Ly, 2, 13) =sup  max L d‘p, dp,
B x B

qe® v.me{l, —1}

x I(le(p)l <) 1(le(p2)| <715)

x 1(le(vypy 4+ v2p2 + Q) <173) (1.34)
Here 1(E) denotes the indicator function of the event E, ie., 1(E)=1if E
1s true and 1(E) =0 otherwise. The additional factor #;° will be called the
volume improvement factor. The function I, allows us to give sharp

bounds for arbitrary graphs based on a simple characterization of graphs
(explained below).

Proposition 1.1. Assumptions A3 and A2 imply (1.33), with

K
£=

> 1.35
tp (1.35)

Proof. See Appendix A. |

Assumption A3, and thus (1.33), hold in particular if the set of filled
states {p: e(p) <u} is strictly convex and nowhere exponentially flat in the
sense mentioned above. Thus the class of models with ¢ >0 contains all
those where the band structure is a strictly convex analytic function
or a strictly concave analytic function, because, by definition, the sets
{p: e(p) <p} are then strictly convex sets, and the Fermi surface is just the
boundary of such a set. By analyticity, exponential or complete flatness is
excluded in this case. This is obviously a very natural condition since essen-
tially all band structures of practical importance in solid-state models are
strictly convex around the band minimum, and so our results apply to the
case where the Fermi edge is just above the minimum of a band.

The proof we give in the Appendix also shows that this nonnestedness
is essentially a transversality condition on the Fermi surface and its
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translates—hence the need to have some control over the set Z(w), which
is essentially the set where the intersection would not be transversal.

Examples. 1. The spherical band structure e(p) = p*/2m — u fulfills
all these hypotheses for any g >0, with p=1 and x=d— 1.

2. The Hubbard model with tight-binding band structure (1.28) fulfills
Al1-A3 for all 4 +#0, ie., away from half-filling, with « =d — 1. If the band
is either empty or full (cases which are of little physical interest), the
volume shrinks even faster in d <2. For the half-filled case x =0, both A2
and A3 fail. Assumption A2 is not fulfilled because of the van Hove
singularities at the boundary of [ —x, n]¢, and A3 does not hold because
the surface has flat regions (in d =2 it is diamond-shaped). This is an example
where a nongeneric (because flat) surface plays a role in a physical model.

It is well known that the half-filled band is a very special case, and
that this is due to the nesting we just discussed, as well as to the presence
of van Hove singularities. A physical way of understanding this is that the
particle-hole symmetry restricts the shape of the Fermi surface. More
generally speaking, van Hove singularities must always occur at some
values of y for topological reasons: for generic e, the condition Ve(p) =0 is
satisfied at isolated points pe #. Thus there is a van Hove singularity for
each value of i for which the corresponding Fermi surface passes through
one of these points. By way of contrast, nesting in the sense that A3 fails
is a much more restrictive condition on e(p). Stated differently, a nesting
condition requires fine tuning of e. The occurrence of flat parts of § and
van Hove singularities at the same value of x¢ (u =0, half-filling) in the
Hubbard model with the band structure (1.28) is accidential. They no longer
occur at the same value of x if next-to-nearest neighbor hopping is allowed.

3. For d=2, S={(x,y): x*+ y*=1} is another example. Here
p=2n—1 and, as in Examples 1 and 2, k=d—1=1. As n—>w, §
approaches {(x,y): |x|=1 or [y|=1, (x*+ %)< /2}, which is flat
away from its edges, and the lower bound for the volume improvement
exponent ¢ goes to zero like 1/n by (1.35).

4. The two-torus imbedded in R*is an example with p=1 and x = 1.
The codimension « is only 1 in this example because 2(w) may be a union
of two circles for some w.

5. The surface e +e~""=¢~" is an example where, due to the
essential singularity at (0, 1), the condition A3 does not hold. As discussed
above, under some regularity conditions on the one-particle problem, such
surfaces are ruled out. We may well expect that they will not occur in any
realistic model.
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1.4. Divergences and Hartree-Fock Theory

Under the assumptions stated above, the only source of divergences in
perturbation theory is exactly the same as in the spherical case, where ¢ is
given by e(p)=p?*/2m —pu, namely the accumulation of powers of the
propagator due to strings of two-legged subdiagrams: the function
C(p)=(ipo—e(p))~" is singular on the set {0} xS. By the assumption
that Ve does not vanish on S and by compactness of S, we can introduce
coordinates p=e¢(p) and w, where « parametrizes the submanifold
S,={p-e(p)=p} (this works in a neighborhood of S=S,, ie, for
[p| € po). Thus p=¢(p, @) in this neighborhood, and for a < 2,

1
dp dp —————
J.Iipufc'<p)l</'u Po plipo_(’(pnOL
1
=j dpodp d'~'w ———— |det ¢'(p, )|
lipy = pl < py lipo — p|
o d
=er =~ F(r) (1.36)
o F

where

F(r)= J—n d()f d’~ ' |det ¢'(r cos 0, ©)]|

0

The integral converges for a < 2, but since F(r) = f, >0 for all r, it diverges
for a=2.

By the Feynman rules, graphs like the ones shown in Fig. 2 diverge,
because, e.g., the value of the first one would be {dp, [ d'p C(p)* T(p)*
#(q — p) for external momentum ¢, which diverges because the third power
of the propagator appears, so a =3, and

T(0,q) = [ d**'pi((0, 9) — p) C(p)

will not vanish on the Fermi surface S where the propagator is singular.
The proof that these two-legged insertions are the only source of diver-
gences of values of individual graphs was given in ref. 2 for the spherical
case, and a similar result holds in the present case (see Section 2.1). The
only way a divergence could be absent is that the function T(p) also
vanishes on the Fermi surface. However, this will not happen by itself in
general. Renormalization is done by subtracting (£T)(p)= T(0, P(p)) for
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Fig. 2. Graphs with two-legged insertions.

any two-legged insertion 7'(p), where P(p) is the projection of the vector
p onto the Fermi surface S, for p in a fixed neighborhood of S. The precise
definition of P is given in Section 2.2; it is defined by taking a vector field
u that is transversal to S in the sense that |(u- Ve)(p)| = u,>0 for all pe S,
and taking P(p) to be the point where the integral curve of u through p
intersects S (see Fig. 3). The reader familiar with resummation methods
based on the Schwinger-Dyson equations in solid-state theory, e.g., the
Hartree-Fock method, may ask why one never sees these divergences in
the integral equations corresponding to these approximations, although
they are said to resum part of those diagrams which appear to be ill defined
in the formal perturbation expansion. This point actually gives a hint at
what renormalization in these models does. Consider the Hartree-Fock
approximation,'® as given by the integral equation for the two-point
function

(Ga)aw(Th, Xy, Ta, Xp) = {Wu(T4, X)) lpa'(fza X1)) (1.37)

which reads, denoting x =(z, x),

Gy(x1s X3) = Clx,, X3) + 2 f ds(x) ds(x')
x C(x;, ¥) v(x' —x) Ga(x, x') Go(X', X5)

-2 f ds(x) ds(x’) C(x,, x) Gx, x;) v(x' — x) tr Go(x', X')
(1.38)

where the trace is over spin indices. Representing the free propagator C by
a thin solid line, interaction lines by dashed lines, and the interacting
propagator G, by a thick line, this equation can be depicted as in Fig. 4,
from which it is evident that by iterating the equation one produces a
resummation to all orders that includes graphs without polarization effects,
in particular some that are divergent in the formal perturbative expansion,
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integral curve of u

Fig. 3. The projection to the Fermi surface.

as for instance the first one in Fig 2. However, the whole point of the
“resummation” is to avoid summation, instead making the ansatz

Gy(p) =™ (ipy—e(p) — Z(p)) ™" (1.39)

and rewriting the integral equation in momentum space (in the translation-
invariant case) as

8(q— p) e™®"
ipo—e(p) —Z(p)

Z(q)= —ljd‘lﬂp

+45(0) tr [ a?+! en (1.40)
A P e —elp)—Z(p) '

For a reasonable function X, the singularity of G, is again integrable by
the argument of (1.36). However, G, will be singular if p,=0 and
e(p) + Z'(0, p) =0, rather than if po=0, e(p)=0, so S is not the Fermi
surface of the interacting system. If one attempted to seek the solution of
(1.40) by an expansion of X in powers of A and exchanged summation and

O

—_— = —_— + -—D——L—D— + —_—

Fig. 4 The Hartree-Fock equations.
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integrals, one would run into divergent expressions for well-defined integrals,
such as

2"

d+1 “w__» < d+1
Jd pGip) = ond P ipe— e (141)

These divergences are part of those of the unrenormalized perturbation
expansion.

The conclusion of this discussion is that in fact not the subtractions
but the divergences are artificial, because they come from expanding a
moving singularity in terms of a fixed one, and that the counterterms that
are added to the action to implement renormalization have something to
do with Z(0, p). This is the main idea; it remains to be shown that this is
really so for the exact theory, where there i1s no such simple integral
equation for the self-energy 2 as (1.40) for the Hartree—Fock approxima-
tion. For instance, the Hartree-Fock resummation does not include any
polarization effects and thus differs from the exact result already in second
order. It is necessary to include those effects for renormalization, e.g., the
second graph in Fig. 2 also contributes a formally divergent term to %, and
thus needs to the renormalized. The Hartree-Fock graphs will, however,
turn out to be spcial in that they are the only two-legged graphs that are
nonoverlapping to all scales. Also, the graphs contributing to the (one-
particle-irreducible) Hartree—F ock self-energy have the property that the exter-
nal momentum can always be routed through an interaction line. Thus the
degree of differentiability of the Hartree-Fock approximation to X, as
defined by (1.40), with respect to the external momentum is the same as that
of the interaction §. For the exact self-energy Z, the answer is not so easy.

In the four-legged case, the nonoverlapping graphs, ie., those without
improved power counting, will turn out to be the ladder graphs that are
known to produce symmetry breaking.'>*’ We will give an explicit bound
that shows that only insertions of these four-legged diagrams can produce
the factorials in the values of individual graphs. The concept of improved
power counting, together with this result, makes precise the notion of lead-
ing divergences (see Section 2.7).

The subtractions are implemented by adding counterterms to the action.
These counterterms are of mass type, that is, they are bilinear in the fermion
fields. If both the band structure and the potential have spherical sym-
metry, any two-legged diagram contributes a value T(pq, p) = T(po. |pl) to
the two-point function, i.e., spherical symmetry forces the function only to
depend on |p|. Thus the subtracted terms are simply constants since

7(0, P(p)) = T(0, |P(p)}) = T(0, \/2mu) (1.42)
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for the spherical band structure e(p)=p?/2m —u. Their sum produces a
shift in the chemical potential'® and the interpretation of renormalization
in that case is that the interaction changes the radius of the Fermi sphere.
In the case where the original band structure or the potential does not have
spherical symmetry, T(0, P(p)) is still a function of the spatial part of
momentum. This is easy to understand since in that case the shape of the
Fermi surface may change, but technically it is a complication because, in
renormalization group language, there is not only one relevant parameter,
but instead there are infinitely many, needed to describe the shape of the
surface. To cancel the divergences, the counterterms are chosen such that
the interacting Fermi surface is held fixed. They determine the shift between
the noninteracting and the interacting Fermi surface and thus include part
of the effects of the self-energy.

1.5. Results

The long-distance behavior of the free electron Green function
C(x—y) is a power-law falloff in |x — y|, determined by the singularity of
C(p) in momentum space. If one cuts off this singularity, i.e., forbids small
values of the energy e(p), the Green function decays exponentially, with a
decay length ~ 1/energy. We do a multiscale analysis by decomposing into
energy shells and successively integrating out fields in those energy shells.
This gives rise to a series of effective actions, which can also be viewed as
the Green functions with an infrared cutoff given by the energy scale. Let
M >1 be a scale parameter (see Section 2.1), and je Z, j<0. The shell of
scale j around the Fermi surface is the set of p for which M’/~*<
lipo —e(p)| < M/. We consider an infrared cutoff on scale M’ where
I>—w, IeZ, I<0 (see Section 2.1). We also call I the infrared cutoff. Let
./ be the interval given in Assumption A3 and fix x e.#. Define the con-
nected amputated renormalized 2m-point Green functions G/, with infared
cutoff I as the formal power series

o

Gl,=Y X¥G! (1.43)

2m T 2m.r

where G3,,, is the renormalized rth-order Green function [see (2.72)].

Without going into the details, it is the modification of the connected
Green function in (1.27) where only the fields with energy scale > M’ are
integrated over, and the interaction contains an additional term K’ that
modifies the band structure. The term “renormalized” refers to this
modification since in the graphical analysis, K’ appears as the counter-
terms. We also introduce an ultraviolet cutoff that removes the higher
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bands. The G4, are analytic in A for > — o0, and we will show that the
limit /> — 0, G,,,,. of G}, , exists, so that in that limit (1.43) becomes a

well-defined formal power series. For s>0 and functions F: R x % x
{1, 1} = C define the norms

Fl= ¥ sup  max [0°Fo,(p) (1.44)
1

.
xlaj<s peRx# 7T 1l

where a = (ag,...,a,)€Z9*" is a multiindex with «;>0 for all i, |a|=

>4 oo, and
() (o)
dpo P4

Similarly, for functions u defined on (R x #)"~'x {1,|}", define

|u|~‘_=Sup{ Z lDauA(pls'"’pn—l)I:piERx'%'AE{T’l}"}
ot + s (1.45)
where

a 3] a Xy — |
Dr=(— ... —
o G

juf = | i pyd p,  max (uy (P pasi)| (146)
(Rx )= Ae{1.}"

and

The self-energy X'=3",_, A"Z/ is given as a formal power series by
ZUp)=(1-G3C) ' G(p) (1.47)

where C; is the propagator with infrared cutoff 7 [the inverse relation is
Gi=2'1-C,zH""].

Theorem 1.2. There is a formal power series

K(p)= Y Ki(p) ¥ (1.48)

r=1

such that for the interaction

¥ =V + [ a1 §(p) Ki(p) Y(p) (149)



Perturbation Theory Around Nonnested Fermi Surfaces 1229

the following statements hold. For all me N, the infrared limit / — — oo of
the G, , exists. More precisely, for every r > 1, there are X, e C'(Rx 4, C)

2m,r

and K, e C'(#, R) and for all m > 1, there are G,,,, such that, as ] - — co:
(i) Gs,r_‘) Gz‘,. in |'|0.
(“) ém.r - GZm.r converges in | . II'
(i) Z]—ZX, in ||, and (/Z)(p)=Z(0, P(p)) =0.
(iv) K!->K,in||,.
Moreover, the Green functions are locally Borel summable, that is, there
are constants I, x,, g5, and I',,, such that

G Jo<T5-r!

IKrI! QKS'I'! 0
(1.50)
|12, <ay- 1!
|Gan.r|I < '.;.m 1!

Thus, to all orders in A, the Green functions of the model with one-
particle band structure ¢ + K can be calculated in renormalized perturba-
tion theory, and they are given by almost-everywhere finite functions of the
independent external momenta (the momentum conservation delta function
is already taken out). The self-energy is a continuously differentiable func-
tion of p, and p; the counterterms K, are finite and continuously differen-
tiable in p. The counterterms K’ are constructed recursively in r (“order by
order in the expansion in A”) from {2.76); the diagrams that contribute are
of self-energy type. Since the amputated function G, is first order in 4, ie.,
the free propagator is subtracted from the two-point function before
amputating to get G,, the unamputated connected two-point function
indeed tends to (ipo—e(p)— Z(p))~" in the limit /—» —oco. Thus X is the
usual (Dyson) self-energy. Because Z'(0, p) =(/2)(p)=0 for all pe S, the
interacting model with one-particle band structure e+ K has the same
Fermi surface at the given value u of the chemical potential as the free
model with band structure e. In other words, the effect of renormalization
is indeed that the interacting Fermi surface is kept fixed. This is a much
more delicate-condition than in the spherical case, where the function K
reduces to a constant, i.e., a shift du in the chemical potential.

The infrared limit of the renormalized expansion gives the same con-
vergent Green functions if we choose a finite volume and positive tem-
perature, and the same conclusions hold with functions that have a limit as
the volume tends to infinity and/or the temperature goes to zero. The point
of the renormalization in finite volume and at finite temperature, where

822/84/5-6-23
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there are no divergences in the loop integrals, is to rearrange the expansion
in a way that uniformity in volume and temperature and convergence of
the expansion coefficients for the Green functions in the thermodynamic
and zero-temperature limit is achieved. Of course, by the above discussion,
this rearrangement amounts precisely to keeping track of how the Fermi
surface moves when the interaction is turned on.

If the bound for the coefficients (1.50) is saturated, the renormalized
expansion has convergence radius zero, which in itself may not seem a very
useful statement. However, if one is willing to go to a slightly more techni-
cal level and consider the representation of the Green functions as sums
over values of Feynman graphs, the renormalization method also yields
much more precise and detailed statements about when and why the series
diverges. It is a well-known fact in renormalizable field theories that the
only source of factorial growth of individual diagrams is the marginal scale
behavior of insertions of four-legged subdiagrams. In this paper we show
the stronger statement that if there are no ladder subdiagrams, the values
of all graphs are bounded without the r factorial, i.e., we specify the set of
those four-legged diagrams that can really produce factorials much more
precisely. The meaning of the statement that in a given graph there are no
ladder subdiagrams is defined in Section 2.5: they are the graphs that
contain no four-legged nonoverlapping subdiagrams to any scale. This
statement is useful because the structure of these of these graphs is given
explicitly in Section 2.4. The four-legged nonoverlapping diagrams are
ladder diagrams, also called bubble chains, where the fermion lines may be
dressed with Hartree-Fock-type corrections. However, any vertex correc-
tions or polarization subdiagrams make the graphs overlapping and its
scale sum convergent instead of marginally divergent. The detailed bound
is stated and discussed in Section 2.7; it also depends on the tree decom-
position of the graph. A short version is as follows.

Theorem 1.3. Let G be a graph contributing to G,,, ,, and denote
by V(G) the norm of the scale sum of Val(G’), where J is any labeling of
G, and the norm depends on the number of external legs, as in
Theorem 1.2. If for any labeling J, G’ does not contain any nonoverlapping
four-legged subdiagrams at any scale, then V(G)< V!, where V,, is a
constant independent of r.

In other words, Theorem 1.3 means that a single graph in the nth
order of perturbation theory can have value ~n! only if it contains ladder
subdiagrams. All other four-legged insertions do not produce any factorials
in the value of single graphs. This suggests that only insertions of ladder
diagrams can change the behavior of the correlations, i.e., the properties of
the ground state, qualitatively, and that all other corrections are analytic
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in the coupling. A nonperturbative proof of this requires control over the
sum of all graphs, hence an implementation of the Pauli principle, which
has been done in d =2 spatial dimensions.">’

In the case of a strictly convex Fermi surface, only the behavior at
transfer momentum zero can lead to factorials in the values of individual
graphs, because at all other values of the momentum, the surface intersects
transversally with its translate or at least there is a curvature effect that
implies the absence of a singularity. In the spherical case the existence of
a singularity at zero transfer momentum has been shown to be responsible
for the occurrence of off-diagonal long-range order in the ground state.‘>>
If the Fermi surface is transversal to its negative, the ladder graphs are
nonsingular and analyticity in 1 holds in infinite volume.'”

The classification of graphs into overlapping and nonoverlapping ones
that will be introduced in Section 2.4 may seem technical at first; it is,
however, natural since the graphs that are nonoverlapping to all scales are
the dressed ladder graphs in the four-legged case and the Hartree—Fock
graphs in the two-legged case. The four-legged nonoverlapping graphs are
the only ones that do not show improved power counting behavior, and in
this sense their resummation is a resummation of the “leading divergences.”

Note, however, that Theorem 1.3 is a statement about the behavior of
values of single graphs, and does not require any resummation. Therefore
it holds irrespective of the sign of the coupling (on which the existence of
solutions to the gap equations from resummation depends). Also, it holds
for the general class of nonflat Fermi surfaces given by our Assumptions
A1-A3, and not just for strictly convex Fermi surfaces.

It is technically necessary to do an expansion with a fixed interacting
Fermi surface, to prevent the problems described above when one expands
a moving singularity in terms of a fixed one. In order to construct a model
with a given one-particle band structure and to see how the Fermi surface
moves under the interaction, and also to clarify the relation between the
counterterm function K and the self-energy, we have to study the map
¢+— E=e+ K further and show that it is invertible. To invert this map, one
would like to take a derivative of K with respect to e. It is not obvious that
such a derivative exists since K is a functional of e obtained by integrating
factors of 1/(ip, — e(p)), and taking a derivative produces a square of the
denominator, -and thus potentially a singularity, since the square of the
propagator is not locally integrable. However, the volume improvement
bounds allow us to take this derivative. The latter is also necessary to get
information about the dependence on the chemical potential y, since the
expansion has so far been done at a fixed value of g, which then fixes the
Fermi surface. Different values of x4 give rise to different Fermi surfaces,
and in the case without spherical symmetry, different also means of different
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shape. The renormalization would be useless if it worked only pointwise in
4. In other words, it is important to establish some continuity properties in
4. We show that the counterterms and thus the self-energy and the value
of any graph are continuously differentiable in u. More generally, we prove
that this C' property holds for derivatives with respect to e, i.e., we allow
for much more general variations of the band structure than just a shift by
a constant. Let

0
D,,K,',(e,h)zaKf(e+cxh) (1.51)

a=0
be the directional derivative of K’ with in direction A.

Theorem 1.4. If Assumptions A1-A3 hold, then lim,_, _.. D,K(e, h)
exists for all r > 1 and

lim D,K(e, h)|o<const(r) |Al, (1.52)

- —w

Corollary 1.5. If Assumptions A1-A3 hold, then the counterterms
K are continuously differentiable functions of the chemical potential p.

To convert this statement about directional derivatives into one about
derivatives as bounded linear operators'® and to consider varying e, not
just u, we have to be more specific about the set of allowed ¢’s. Let
& # .4 = A be open. For k >0, denote the Banach spaces (C¥(, R), |-|,)
by ¢* and (C¥(A",R), |-|x) by €% .. For 1<o<d—1, g,>g,>0, and
g:>0 let

”d.‘!(a’ '/Vs gO’ gZa g3)
= {ee%’?‘.: le].<g,, S(e)={peB: e(p) =0} =N,
|Ve(p)| > g, for all pe 4, and n: S(e) — S¢,
Ve .
o n{w)= ﬁ () satisfies: for all w e S,

rank dn(w) = o, and all nonzero eigenvalues m

of dn satisfy |m| >g3} (1.53)

Here S/={aeR* |a| =1}, and dn is the derivative of n with respect to
we S. In other words, dn is the derivative of n tangential to the surface S
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[note that dn(w) is a quadratic matrix since the dimension of S(e) is d — 1,
and n(w)e S’]. Let £ be the space of bounded linear operators from %2,
to €°,..

Theorem 16. Let 1o<d—1 and g,>g,>0. Then o/ =
(o, N, g, 8>) 1s open in €7, For all ee o/, Assumptions A2 and A3
hold, w1th k=0 and p=1 For all ee« and all r=1, D,K!(e,h)=
(K')'(e)h with (K'Y (e) e &, and there is K, € & such that

I(K))(e)— K| ,—0 as I-» —ow (1.54)

The function K,: .o/ — 9. is differentiable in e, and its derivative is given
by K€ ¥. The map e K(e¢) is continuous on .o/, and there is C,>0
such that for all he %7,

K. (e)hlo< C, |hlo (1.55)

C, is independent of e€ .

The bound (1.55) is the most subtle result of this paper. Note that no
derivative acts on /1 on the right side of (1.55). Because of that, K| extends
uniquely to a bounded linear operator on %°., and we can prove the
following.

Theorem 1.7. Let R>1, AeR, and for ec &, let

R
ERf(e)=e+ Y FK(e)
y=1

If

R
Y C <l (1.56)

r=1

then E'® is injective on every convex subset of .o/. That is, if ¢, e, € &/
with E®(e,) = E{®(e,), and if (1 —s)e, +se,e o/ for all se[0,1], then
ey = 62.

Since .« is open, the maximal ball around any e € &/ is such a convex
subset. Thus EY® is locally injective. The significance of Theorem 1.7 for
the problem of self-consistent renormalization is discussed in the next section.

The set ./ of Theorem 1.6 is more restricted than the set of all e
satisfying Assumption A3. It comprises the case of a strictly convex Fermi
surface, or that of a torus or a cylinder, but, e.g., not Example 3 of Sec-
tion 1.3. More generally, the specification of a set of e for which dn(w) may
vanish for some w on S, but for which the exponent p =1 is still uniform
in e, requires the existence of more derivatives (k >2) of e. This can be
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formulated, but for conciseness, we restricted consideration to the simplest
case here. The reader may construct his or her own generalizations; the
essential requirement is that the constants u, (defined in Section 2) and the
volume improvement exponent ¢ must be uniform on the set. The reason
we gave A3 as a separate assumption is that it is more general and can be
checked without trouble in examples; for instance, it is easy to see that for
Example 3, e(p) = p>" + p3" — u, there is an open u-interval with the desired
properties, and this already suffices to prove Theorems 1.2-1.5.

Finally, we define the Hartree-Fock aproximation as the sum over all
graphs that are nonoverlapping on all scales; equivalently, these are the
graphs produced by iterating the Hartree—Fock integral equation (1.40).
This resummation also defines a map e+ ¢ + H, where H represents the
counterterms in the Hartree—Fock approximation.

Theorem 1.8. The map e+ ¢+ H is invertible in every fixed order
in perturbation theory.

This theorem is easy to prove; we shall discuss its motivation in the
next section.

1.6. Discussion

The interpretation of renormalization is thus: the unrenormalized
Green functions diverge because it is wrong to assume that both the band
structure and the Fermi surface stay fixed when the interaction AV is
turned on. In reality, they respond to the interaction—if the surface is fixed,
the band structure changes, and vice versa (this is similar to the situation
in KAM theory, where the frequencies and actions of quasiperiodic orbits
cannot both stay fixed under a perturbation). To do the expansion, we
prefer not to let the Fermi surface move, since the moving of the singularity
produces the divergences discussed above. Instead we allow for a change in
the band structure e. The function K(p) contains the terms that are
necessary to prevent the surface from moving under the perturbation.
This function depends on the vector field u which we used to define the
projection onto the Fermi surface. The dependence on v amounts to a
reparametrization of the Fermi surface and has no physical consequences.

It has long been known in solid-state theory that self-energy effects
have to be taken into account to avoid divergences in perturbation theory.
In many accounts this is described as self-consistent renormalization, with
the idea that if the free two-point function is expressed in terms of the exact
two-point function everywhere, two-legged insertions disappear, since
they arose from self-energy terms. This procedure is usually called “self-
consistent” renormalization and described in words in the literature. Often,



Perturbation Theory Around Nonnested Fermi Surfaces 1235

one then goes on to describe particular approximations, such as the Hartree—
Fock approximation. Since none of these approximations is exact, none of
them removes all the divergences, and one point of our analysis is that we
give a clear procedure how to do this to all orders in perturbation theory:
the divergences are removed by fixing the Fermi surface. Self-consistent
renormalization is then achieved by inversion, ie., solving the equation

E=e+K(e, 1) (1.57)

for e in terms of a_given E. It is really a separate step. Once this is done,
the combination of renormalization and inversion allows one to determine
how the Fermi surface moves when the band structure is fixed.

Obviously, the solution of (1.57) requires some knowledge of the
regularity properties of the map K, which is a map between function spaces.
We have established enough regularity to show that id+ K is locally
injective. In other words, we have proven that for any interacting band
structure, there is locally at most one bare band structure that has the same
Fermi surface, ie., uniqueness of the solution. The existence (surjectivity)
proof requires more detailed bounds and more stringent assumptions and
will appear in a sequel paper.

Note that this regularity problem does not just arise because we use
counterterms to do the expansion correctly. Any attempt to “consider only
skeleton graphs first and then replace the free propagator by the interacting
one on all lines” also requires the inversion of the map e+ ¢ + 2, and the
regularity problem is thus similar to ours (only harder, since & also
depends on pg). In brief, in any way of looking at the system, there is the
question of how regular the self-energy, and thus the interacting Fermi
surface, is. In the heuristic discussion after (1.40) that motivated why the
divergences are artificial, this question was postposed by the assumption
that 2 is “reasonable”, so that (1.36) can be used to show well-definedness
of the left side of (1.41). However, X is not a function one is free to choose
or make assumptions about. It is determined by the iteration, and therefore
its regularity has to be proven. We have proven that ~ and K are C!
(Theorem 1.2). Inverting (1.57) requires at least Ke C*. The proof of this
will appear in another paper.

Regularity of the Hartree-Fock approximation to 2 (Theorem 1.8) is
easily shown: it is obvious that the external momentum can be routed through
an interaction line in every Hartree-Fock graph, so the Hartree—-Fock self-
energy has the same regularity properties as the interaction potential.

Since improved power counting plays a central role in the technical
analysis done here and since the facts on which it is based are not specific
to our multiscale analysis and therefore have wider applications, we
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-

(a) (& (e)

Fig. 5. (a) A shell around the Fermi surface, (b) transversal intersection with a translate,
and (c) nontransversal intersection with a translate.

describe briefly how it comes about. A way to understand power counting
is to weight the growth of the propagator in the vicinity of its singularity
S against the smallness of the volume of shells around the Fermi surface,
where it becomes large. We use a scale decomposition where momentum
space is cut into shells around the Fermi surface, as sketched in Fig. 5a. It
is easy to see that the p-volume of a shell in which (say) 2/~ ! < le(p)] <2/
(j<0) is bounded by a constant times 2/ (see also Section 2.1). It is also
easy to deduce the integrability properties of C that we discussed above by
weighting this volume against the growth of |C| in a summation over shells:

1
dpy ————
JIf/lo—c(p)lsl/z OI’PO—C’(PH

12/~ < |ipy —e(p)] < 27)
=ZJ dpoj dp ( lipo — e(p)|
24 #

j<o lipo — e(p)|*
. 2f . )
< Z ?_(I—J):j dl)o_[ dp 1(27~" < |e(p)] < 27)
j<0 -2 7
<const-2* ) 27%.2/.2/
Jj<0
=const.2* ) 2/~ (1.58)
Jj<0

which converges if « <2. Up to this point, this is just a rewriting of (1.36).
However, the geometry of these shells has important consequences for non-
trivial graphs, which we discuss now.

Beyond lowest order, the momentum assignments in graphs with at
least two lines consist of linear combinations of the loop momenta with the
external momenta, e.g., p and p + q, where p is a loop momentum. On scale
J» both p and p + q must be in a shall of thickness 2/ around S. The volume
of the full shell is of order 2/. On the other hand, for most values of q& 44,
the intersection of S and + S+ q will be transversal. Thus the support of



Perturbation Theory Around Nonnested Fermi Surfaces 1237

the integrand will have a volume which is much smaller, roughly by a fac-
tor 2/, since the volume is no longer that of an entire shell, but that of a
transversal intersection of two shells around S (see Fig. 5b). However, for
those values of q where the intersection of the shell with its translate by q
is not transversal, e.g., for =0, or the translation shown in Fig. 5c, there
is no gain at all, i.e,, there is no uniformity in q. The improved power coun-
ting bound is based on the observation that if there is no nesting in the
sense that A3 holds, then the set of q for which the intersection is not trans-
versal has small volume itself. So, if q=k+ Q, where k is another loop
momentum, and if there was no gain in the integration over p, k must be
in a set of small volume. This restriction produces an additional “volume
improvement factor” 2% in the second loop integration over k (this also
applies to the surface drawn in Fig. 5). Thus, in the double integral over p
and k that appears in (1.34), there will a/ways be an improvment factor 29,
which is uniform in Q. Therefore, Q may be an arbitrary combination of
loop momenta and external momenta, and it is not necessary to keep track
of all complications of the momentum flow in general graphs to extract the
improvement factor. It is only necessary to find out which graphs have this
volume gain, i.e., contain a factor I, as a subintegral. Obviously, they must
have at least two loops, but the above condition that q=k +Q with
another loop momentum k means also that there must be a fermion line in
which two loop momenta flow (the two loop momenta p and k flow in the
line with momentum p+q=p+k+ Q). This is now a purely graph-
theoretic question. The class of graphs for which such a line exists is
precisely that of overlapping graphs defined in Section 2.4. The nonover-
lapping graphs are classified explicitly in the two- and four-legged cases (it
is not hard to generalize the characterizations given in Section 2.4 to
graphs with more that four external legs, but we do not need that here).
The volume improvement bound (1.33) is proven under the hypotheses A2
and A3 in Appendix A by the argument outlined above.

Note that the above transversality and no-nesting arguments require
d>=2.In d=1, improved power counting is absent. This is one reason why
one-dimensional many-fermion models behave differently from the higher
dimensional ones.

The proofs in Section 2.4 are elementary and independent of the scale
decomposition. Indeed, the only property of the model that is used in Sec-
tion 2.4 is that all vertices have an even incidence number, which is true in
our class of models since the interaction is a four-fermion interaction (see
also Fig. 4 in Section 2.4). For vertices with an odd incidence number, a
similar classification can be done.

The implementation of these graphical statements for the volume gains
in the problem with the full scale structure is done in Sections 2.5 and 2.6
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and used thereafter to prove the stated theorems. Some of these proofs are
not short, but they are in principle an application of the simple ideas stated
above.

2. RENORMALIZATION AND CONVERGENCE

In this section, we set up the renormalization flow and define the
localization operator that is used to subtract the value of two-legged
diagrams on the Fermi surface. We then develop one of the main technical
tools, the graph structure lemmas that are used to extract volume improve-
ment factors systematically for any labeled graph. We use this to show an
improved power counting bound, and then show that the renormalized
Green functions converge in every order in perturbation theory, and that
the only four-legged graphs which do not obey improved power counting
are the ladder graphs.

We start with some elementary remarks that follows from the assump-
tions. By A2, S is a compact (d — 1)-dimensional C*-submanifold of 4. Let

U,(S)={p: 3qe S with |p—q| <n} 2.1
Then there is J such that G,=sup{|Ve(p)|: pe Uy(S)} is finite, and
such that go=inf{|Ve(p)|: pe U,5(S)} >0. Let u be a vector field on a
neighborhood Uy(S) of S. We call u transversal to S if there is uy > 0 such
that for all peS, Ve(p)-u(p)=uy,>0. Denote the integral curve of u
passing through pe S by y,, that is, y,: (—to, 10) = B, 1> y,(1), y,(0)=p,
and for all re(—1,, ty), (8/01) Yol 1) =u(y (1)

Lemma 2.1. Assume A2.

(i) There is a C™ vector field u transversal to S, and there is ¢, >0
such that ¥: Sx (—1y, 1) = V(S x (=19, 1)) = 43, defined by P(p, 1) =y,(1),
is a C*-diffeomorphism.

(i) There are >0 and uy e (0, 1) such that U,4(S) = Y(Sx (—1q,15)),
and such that for all qe U,4(S): 0 <gy/2 <upo<Vel(q) - u(q) < Gy

(iii) Define the functions 1: U,5(S) — R and P: U,4(S) — S as follows.
For qe U,4(S)

(P(q), 7(q)) =¥ (q) (2.2)
In other words, yp,,(t(q)) =q. Then

{q
0

)
Q=P@+]  ulypg () di (2.3)
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so lq—P(q)| <|7(q)| and
1
lq—P(q)| <— le(q)] (2.4)
Uy

Furthermore, uy < e(q)/1(q) < Gy.

(iv) Let pe US), p=e(p), and o =P(p). The map y: p— (p, @) is
a C*-diffeomorphism from Uy(S) to a subset of R x S. Denoting its inverse
map by p(p, ®), there are constants 4, and A, such that the Jacobian
J(p, w)=det p'(p, w) obeys

1
sup [J(p, )| <— 4, (2.5)
U

pe UstS) 0

and its derivative dJ obeys

1
sup |0J(p, w)| <= A4, (2.6)
Uy

pe Usts)
A, depends on 6, ug, and |u|,; A, also depends on the second derivative of u.

Proof. (i,11) We show that ue C* transversal to S exists even if e is
only C'. For pe Uy (S), let n(p) = Ve(p)/|Ve(p)|; then n is continuous in p.
So for all peS there is r(p)>0 such that n(p)-n(p')>1/2 for all
p'€ U, ,(p)- Since S is compact, the covering (U, (p)),.s contains a
finite subcovering by V;= U, (p:): ie{l,.,n}, and there is >0 such
that Uy(S) =i, V;. Now, U.4(S) = # is open, hence a C* submanifold
of 4. Choose a C* parttion of unity (x,); that is subordinate to the cover
V:n Uss(S) and that obeys supp ;< U,,,(p’) for all i. Define

n

u(p)= Y. x{p)n(p;) (2.7)

i=1
Then ue C*(U,4S), RY), and by construction of y,,

.u(p)-Ve(p)= Y xdp) [Ve(p)| n(p,) - n(p)

iipe Urgplpi)

8o _%
>S5 L) =5 (28)

Part (i) is now obvious since S in a C*-submanifold of %, and (ii) is
clear by construction of w.
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(iii) Equation (2.3) holds by definition of the map ¥ and that of the
integral curve y. It obviously implies

7(q)

lq—P(q)| <UO Uy pi(1)) ] < I7(Q)] (29)

since |u| < 1. If ¢(q) =0, then t(q) =0 and, since e(P(q)) =0,
Tq) d
ela)=| " elreq(0) di

t(q)
=f0 U Ve g (D) di > upt(a) Zup lg—P(Q)]  (2.10)

The case e(q) <0 is similar.

(iv) The map is a diffecomorphism because it is the composition of ¥
with the inverse of (w, 1)+ (w, p) =(w, e( P(w, t))) and because

Z—{Z(m, 1) =(Ve u)(¥(w, 1)) (2.11)

so that dp/0t = u, in W~ '(UkS)). This also implies the bounds for the
Jacobian and its derivative. |

Remark 2.2. The choice u = Ve/[Ve| has most of the above proper-
ties, with u, = g,, but it is only C*~' if ¢ is C*, and then the maps ¥ and
y are only C*~' In particular, with this choice of u, finiteness of A4,
requires k>3 in A2.

2.1. Scale Decomposition and Power Counting

Let ¢ be as in A3, u, and J as in Lemma 2.1, and M>max{4'/‘,
1/(ug6)}. Then |e(p)| <M ' implies pe Uy(S). Let ae C*(Ry, [0,1]) be
such that

0 for x<M—*
a(,\)—{1 for x> M-? (2.12)
and @’(x)>0 for all xe(M % M~?). Set
0 if xsxmM~*
, a(x) if M *<x<M™?
X)=a(x)—alx/M*) = 2.
Jx)=alx) —alx/M) 1 —a(x/M?) if M72<x<l1 (2.13)

0 if x=1
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so that, for all x>0, f(x)>=0 and

—1
l—a(x)= Y f(M %) (2.14)

J

Calling f;(x) = f(M ~¥x), we have

supp f;=[M¥~% M¥] (2.15)
and for all x>0,
Si(x) f;(x)=0 if [j—j'1=22 (2.16)
Defining
—2j .12 - " .12
€ . yy LM 1) [+ 1) o1
ix—y ix—y
we decompose
AR ) | ne 5 g ey (218)
ipo—e(p) ipo—e(p) J<0 Sibo- I .

For the purpose of the present paper, we discard the ultraviolet end of the
model by removing the first term in this sum, in other words, taking
(1 —a)/(ipy—e(p)) as propagator. The infrared singularity, which is the
physically relevant feature of the problem, is unchanged.

Lemma 2.3. For all j<O0:

(1) 1Clo<M~/*2 More precisely, for all p=(p,, p).
[Ci(po, e(P))| S M *21(Jipo—e(p)| € [M7 72, M']) (2.19)

(i) Let A, be as in Lemma 2.1 and A =max{1, 24, [sdw}. Then

A
f d'p (le(p)l <n)<—1p (2.20)
# Uy

and

2

24 A
Gl =] dpodpICy(po. elp) <= M’ (221)

x

0
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In particular, taking

(2.22)

we have
|Cj|0<K0M’f and |Cj|’<K0M-’.

(iii) For any multiindex o with s=|a| <k, there is a constant W,
depending on |e|, and M such that

|D*Cy(po. e(P))I < W, M~V I(lipg—e(p)| € [ M/ 72, M']) (2.23)

The proof of this lemma is easy; we leave it as an exercise to the
reader. This lemma implies that for any 0>7> — o0, any power of the
propagator 3 ;. ,C; is integrable and so values of connected graphs
evaluated according to the above Feynman rules, but with this cutoff
propagator instead of 1/(ip, —e(p)), are finite, and C* in p, and e.

The bounds given in the lemma are similar to those in the spherical
case,'>* and so the power counting is the same as in Lemma IIL.1 of ref. 3.
The dimension &, [ see ref. 3, Eq. (IIL5)] is ¢,=1.

We now state the analogue of the abstract power counting lemma of
ref. 3. For the moment, we refer the reader to ref. 3 for details about labeled
graphs and the associated trees; they will be explained in more detail in
Section 2.3. Let G be a connected graph with an even number E of external
lines, and two- and four-legged vertices. Let L(G) be the set of internal
lines of G and J: L(G) — {z€ Z: 0>:->1}, I j, be a labeling of G, which
assigns a scale to each line of G. Construct the tree ¢ = t(G’) associated to
the labeled graph G” as follows.® The forks f of the tree are the connected
components G; of all the subgraphs {/e L(G’): j,=h} with h< —1. The
subgraphs are partially ordered by inclusion to form #(G”). The scale of a
fork is defined by

Jr=min{j,: e L(G7)}
Define, in analogy to Eqs. (I11.9) and (IIL10) of ref. 3,

D,=|L(GH)| = 2(|1(G))|—1)
4,= —3|{#:/ internal line of G’, / external line of Gy} | (2.24)

4,= —4|{!:/ internal line of G’, ve l}|
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where V(G) is the set of vertices of G. The value of the graph G’ is defined
as

cs#(!’out_pin) V(ll(Gj)‘_‘ z J 1_[ dd+]plcj,(pl)5oqa;

spinsa  je L(G)

x 1_[ 5#(poul.v_ pin,xv)(‘)?/v)a'l”...czf,")(qu)

ve Vi(G)

X 1—1 5#(pout.l'—pin.u) {)('(qu) (225)

ve Vi(G)

where L(G) is the set of internal lines of G, V,(G) is the set of four-legged
vertices of G and V,(G) is the set of two-legged vertices of G, #{(q,) is the
function associated to a two-legged vertex v, % is the vertex function
associated to a four-legged vertex v, and the momenta ¢, are given in terms
of external and loop momenta by the momentum conservation at every
vertex. The spin indices on a line / and a vertex v are the same if / goes into
v or out of v, and the symbol sum over spins indicates that they are
summed over.

Lemma 2.4, Let K, be as in Lemma 2.3. Then

[Val(G')|o < (4K TT 10.de 1 |0 MPe%

re VA G) ve Vi(G)

x l—[ M= Dy (2.26)
S=¢
and

[Val{G”)|' < (4K, )'He TT (16.1¢ M =m0

ve V3(G)
X H (KA SintSrext Sroext (2.27)
re ViG)
where |-|' is defined in (1.46),
Sip = H MPrdr=Jund (2.28)

[ > ¢. internal
where the product is only over those forks of #(G’) such that G} does not

contain any external vertices, and

S_f.cxl = I‘[ M A= Jnm (2'29)

S > ¢, external
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where the product is over those forks f of #{(G”’) such that G; contains an
external vertex of G, and

Seem= ] M&Om» (2:30)

v, external

where the product is over those vertices of G to which an external leg is
joined. m(v) is the highest fork such that G, contains v and =(f) is the
predecessor fork of f, that is, the fork of #(G’) immediately below f.

Proof. See ref. 3. An improvement of (2.26) will be shown in
Section 2.6. |

Remark 2.5. By definition,
E,
Dy=(2IVAGII+ VoG =57 ) =2Vl Gl + VoA Gl = 1)

1 .
=3 (4—E)— VG| (231)

If the graph G has no two-legged vertices, and if no internal subgraph Gy
(le., Gj’. contains no external vertices) has E, =2, then 4,< —1/2 and
4,< —1/2, and

D;=3(4—E;)<0 (2.32)

for all internal forks, so the scale sum 3, |Val(G’)|’, where J runs over all
labelings of G compatible with a fixed tree ¢, will be finite. This is the
rigorous counterpart of the remark in the Introduction that only insertions
of two-legged diagrams give rise to divergences. Renormalization will be
done by subtracting the value of the two-legged subgraphs on the Fermi
surface. For this we need to introduce a projection onto the Fermi surface.

2.2. Localization Operator

The localization operator implements the projection onto the Fermi
surface for functions defined on R x 4, and it is used to define the subtrac-
tions needed for renormalization. This projection can be defined in various
ways, and so the localization operator is not uniquely determined. In the
spherically symmetric case, there is exactly one choice that is rotationally
invariant. Moreover, it does not matter which projection is chosen because
rotational invariance implies that the value of any two-legged diagram
T(po, p) depends only on p, and |p|. In the case without spherical sym-
metry, there is no such independence and hence no canonical choice of the
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projection, although the geometrically most natural one seems to be that
which projects along integral curves of Ve. We project p onto S differently,
by moving it along the integral curve of the fixed vector field u transversal
to S (see Lemma 2.1). This yields bounds in better norms than using Ve
(see Remark 2.2) because Vee C¥~', but u may be chosen in C*.

Definition 2.6. Let  be as in Lemma 2.1 and let ye C*(4, [0, 1])
obey y(x)=1 for xe ULS) and y(x)=0 for x¢ U,;(S). Let P be as in
Lemma 2.1(ii1). For functions T: R x # — X, X any linear space, define

T(0,P(q)) x(q)  if qe Ux(S)

2.
0 otherwise (2.33)

(/T)(qo,q)={

If Te C”(R x B, X), then /T e CYA, X), where ¢ =min{k, p}.

Lemma 2.7. Let %,=u-V be the Lie derivative with respect to u,
and T be differentiable on R x Uy(S) with a bounded derivative. In terms
of the coordinates (p, ) introduced in Lemma 2.1,

(£T)(qq, q(p, w)) =T(0, q(0, w)) (2.34)
] 2,T
5 T(qy,q(p. 0} = <%> (g0~ q(p, w)) (2.35)

In particular, 2,P =0 and
DL =0 (2.36)

For all ¢=(q,, q)e R x Ug(S),
2
(1= T(q)| <—u£ ligo — e(@)] max {10, Tlo, VTlo} ~ (2.37)
0
Proof. By the chain rule

g ?

57‘(40,(1(/), ©))=VT(q,, 4(p, w))~a—2(p,w)
=VT ) 9 (t(p))
= VT(qo, q(p. w) ¥ yulT(p

0
=VT(go. q(p» ©)) - ul(p, ©)) é(p)

So (2.35) follows from (2.11). 2, P =0 then follows immediately from (2.35)
with T(q,, q) = P(q). In other words, because the projection P(q(p, w)) =w

822/84/5-6-24
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is constant along the integral curves of u, and the Lie derivative &, is a
directional derivative tangent to these integral curves, we have 9, P =0. If

qe Us(S), x(q) =1, so

(2,£T)(q0,q)=(u-V) T(0,P(q)) =(Z,P-VT)O0, P(q)) =0 (2.38)
and
[(1—=¢) T(q)| = |T(qo, q) — T(0, P(q))|
<|qol - 100 Tlo+ |q—P(q)| - [VT], (2.39)

s0 (2.37) holds by Lemma 2.1(iii). |

To put the localization operation into contact with the flow of effective
actions, we define its action on a linear subspace of the Grassmann algebra
given by “connected” polynomials of even degree. To define this subspace,
we introduce some notation. The fermions in our model carry an index
&=(a, po, p), where ae {1, |}, poeR, and pe A for infinite volume and
zero temperature. For temperature 7> 0, p,e(2Z+ 1) nT. For a periodic
box of side L, pe B (2r/L)Z%. For ¢=(a, py, p) we denote (&) :=
¥.{(po, p) and similarly for . We also write X= {1, |} x R x & and

Lds(é)F(é): 5 jdpof d’p Fla, po, p)

ae{f.l}
(and their obvious variations for 7> 0 or finite volume).

Definition 2.8. We say that Qe 2% iff O =(Qs,)m>0.,51, Where
for all r=1 and m=0:

(l) QZm‘r:sz_lx{T’ l}“)C
(él LR ézm_ 1 (Xz,,,) = QZm,r(él 30eny é?_m— 1s a'Zm)

is C* and all derivatives up to order k are bounded uniformly on
XU A1 1)

(i) For all r>1, there is m(r)=0 such that for all m=m(r),
sz,r=0

(i) Q,,, is antisymmetric under permutations of momenta and
spins, i.e, Qs ,= @, ,, where o/ is the following operation. Define
Pam=(Pam)os P2) ERX A by

m -1

p’m Z (P, pm+l +pm (240)

i=1
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and define &,,, = (s, Pam)- Then

'dQ(él 310y élm— 1 am)
= ! 5 Y. sign(no)

(m!)“ n.o € Perm(m)

X Q(éa(l)""’ éa(m)a ém+n(l)9"" ém+n(m— 1) am+n(m)) (241)

(iv) The polynomial in the Grassmann algebra associated to Qe 2%
is the formal power series in 4

ow.h=35 xS | TTdste)s 5* (£ (o=prr))

r=1 m=0 XM

X Q?_m.r(él"'s élm—ls a'm) <H m+l é )> (242)

Every fixed order in 1 is a polynomial in the Grassmann variables. For
convenience of notation, we somtimes write Q" (P1sees Pam—1)

OLh e Oty g 4 | -0s X2

for 05, &1y Cam—1, %) In this notation, the quadratic (m=1) term in
Oy, ¥) is given by the formal power series

ST (a9 Fulp) 04l ) Yl p)
r=1 TIN5

Definition 2.9. The localization operator /: 2% — 2% is defined as
follows. For Qe 2 and all r> 1

(/Q)Zm.rzo lf m>2
(£Q)a, (o), p1), 22) = Q5 ,((ay, (0, P(py)), a3) (2.43)

(/Q)O,r = QO.r

In other words, for Q(, ¥) given by (2.42),

o

Q)= 3 7 ( Qo+ [ 4 Tl ) 050, PO V)

r=1
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2.3. Flow of Effective Actions

We review briefly the definition of effective actions and their flow, as
given, e.g., in ref. 3. We introduce a cutoff that regulates the fermion
propagator by restricting its support away from the Fermi surface, so that
the formally divergent integrals discussed above are convergent as long as
the cutoff is present. This can also be done in finite volume and the infrared
cutoff can be removed before taking the volume to infinity. The flow is used
to study the dependence of the Green functions on the cutoff as the latter
varies. The propagator is decomposed linearly into a sum of slice propa-
gators that are supported in thin shells around the Fermi surface. Because
the decomposition is linear, the flow has a semigroup structure that allows
one to view the Green functions as effective interactions where the fields
with momenta that are away from the Fermi surface by an amount given
by the cutoff are integrated out. Let /e Z, I <0, be the infrared cutoff and
decompose the cutoff propagator

cC= Y G (2.44)
—1zj=1
Define ¢] by
| =y 77
e’ (Z‘X)=ffdl‘c(l//, ) e’ b Eavan (2.45)

I

where du denotes the Gaussian measure, ie., the linear functional on the
Grassmann algebra generated by the ¥ and ¥ defined to vanish for odd
monomials and determined by its values for even monomials, which are

[ dctw, ) TT Walx) Up(3) =det( Cugfi, y))1 <ijen (246)

i=1

In our case C,4{(x, y)=0d.4 C(x—y), so, using the Fourier expansion (1.18),
we get in momentum space (in the sense of distributions)

[, 9) T ¥l p) Vsl 5) = det(6,5,8(pi= 5) Cp));  (247)

i=1

where

Cp)= Y Cipo,ep)) (2.48)

—l2j=1
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%) is the generating functional for connected, amputated Green functions
with infrared cutoff I and vertices given by ¥, because, formally, a shift in
the integration variables,

%mﬂ—<xcm+m—ﬁmww

xexp[ —(, C™'0) — (G CT'W+ 7 (¥, ¥)] (249

indicates that C~'y and §C~' appear as source terms. The effect of the
C~! is that propagators associated to external lines are removed. This is,
by definition, the procedure to get Green functions that are amputated by
the free propagator.

The unrenormalized expansion has ¥~ being the bare interaction. For
the renormalized expansion we will allow ¥~ to depend on I because the
counterterms will be I dependent. The factor

Z,=fd;tc(¢, gyerd (2.50)

ensures that ¢; (0, 0) =0. We now define precisely the fluctuation integrals
used for the flow.

Definition 2.10. (i) Let #€2* and the covariance C be a
bounded integrable C* function on R x 4. Define

R(C, )1 1) =108 5 [ duc, ) e 2F+0 (251)

C(C u)
where {(C, %) = | duc(y, ¥) e?¥¥) 5o that Z(C, %)(0, 0) =0. Also, define
E(CUNx 1) =R(C, UNx, X) — (U(x, X) — U0, 0)) (2.52)

(i) Let G be a connected graph with n vertices v, ,..., v, and 2m exter-
nal legs such that every vertex v, has m; ingoing and m; outgoing legs
(incidence number 2m;), and let

A, X*™ 'x{1,|}»C

i

(él"'i éZm,'—l’aZm,v)H@ (é]’ aé’m,—l’ _m,)

satisfy (i) and (iii) of Definition 2.8. Let J: L(G) — {z € Z: z <0} be a label-
ing of G. The value of G’ is defined as the function Val(G’)(C, %,,..... X, ):
X*"='x{1,|} - C, determined by

(2.53)
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5# < Z (qz - qln+i)> Va[( GJ)(C’ é]/v] [at] g]lv,,)(”l LERE] ’72m— 1» ﬁlm)

i=1

=3 [ I (Clpon eB)c @ ')

spins  le L(G)
mj
# ll) (i)
X l_[ 6 ( Z pm-f—k))
k=1

X UL(PY 8y (D= 15 X, —1)s X)) (2.54)

where n,=(q,, #,), and ¥ ,;,, means that all «}’ are summed over {1, |}.
If the line / joins the outgoing leg k of vertex v; to the incoming leg k' of
v, then o, =al’, &, =al’, and the momenta p"’—p" '=p,.
(ii1) The set of all connected graphs with 2m external legs and with
n vertices v,,..., v, where v, has m, incoming and m; outgoing legs (incidence
number 2m,) is denoted by Gr(n, m; m,,.., m,). When n =1, the graphs are
required to have at least one internal particle line.

Lemma 2.11. (i) ValG’)(C, %,,,..., %,,) is well defined and a C*
function of the external momenta.

(ii) & and Z are well-defined formal power series in A. They map 32’;
to 2%,

(iii) Expanding in powers of %,

1
8(CrU)= 3, — 8" (Cp (U, U ) (2.55)

n=1

(% appears n times), and expanding the & in 1 and the fields as well,
& has the expansion [see also Definition 2.8, (iv)]

ni(r) 2m

E(C.U) X,){)—Z/{ Y J‘Hdm})

r=1 m=1 i=1
<Z (‘], A+ i > H ( (’7/\) (}7k+m))
i=1 k=1

XEj,Zm.r(U?l)(”l""a ’72"1~|’ﬂ2m) (256)

where 1, = (g, f«), and the kernels E; ,,, , are the following sum of values
of Feynman diagrams:

Ejom () = Z E‘"’ (U.... U) (2.57)

2L r
n= l
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with
E}"z’_)m.r(g]lm ey %U,.)(rll LAt ] ﬂ?_m)

= X ) ))

(. rnz1 niy ..., npzl GeGrin.nsm ... my)
n+ - +ry=r

xsign(G) o Val(G')(C, Uy, yyser Uy 1) (N1 ey Bo)  (2.58)

Here & denotes the antisymmetrization operator defined in (2.41),
sign(G)e {1, —1} is a sign factor determined by the structure of G, (})
denotes the labeling j, = j for all /, and %,_,, denotes the coefficient of order
r; in the formal expansion of %,, in powers of 4. The sum over the number
of effective interaction vertices n in (2.57) is a finite sum with n<r. The
sums in (2.58) are finite because the interaction % € 2% and in particular

satisfies (i1) of Definition 2.8.

Remark 2.12. Although lengthy, (2.58) is easy to interpret: At
every scale, the Green function is expanded in a formal power series in 1.
In every order in 4, the functional is expanded in powers of the external
(unintegrated) fields y and . The term with m factors of y and m factors
of 7 contributes to the 2m-point function, and is given by the sum over all
connected Feynman diagrams with 2m external legs, built from the effective
vertices %.

Proof. The momentum conservation delta functions at every vertex
can provide a set of loop momenta using some choice of a spanning tree
for G in the standard way. Since G is connected, only the global momen-
tum conservation delta function remains. It is then obvious by the proper-
ties of the integrand to see that the function that multiplies this delta func-
tion is C* and so (i) follows. Since (ii) follows from (iii) and (i), it suffices
to show (iil). Although this is quite standard, we briefly describe how the
expansion in Feynman graphs comes about, since it is also very simple. By
definition, &' takes out the terms proportional to %,...%,,, so it is
obviously linear in every %,,. Inserting the expansion for every % € 2%, we
obtain the sum over the r; and m,. Note that by definition of 2%, all sums
over r; start at 1 and therefore & and £ contain no zeroth-order terms in
4. Furthermore, m; < n,(r;), so all sums contain only finitely many terms.
The rules for Gaussian integration (2.47) then join outgoing (v) legs of %,
to ingoing (Y) legs of #,. The result can be translated into a sum over
Feynman graphs by joining v and v’ by a line and using the definition of
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the value of a graph given above. Since the logarithm is taken, only con-
nected graphs contribute (see, e.g., ref. 9). Consequently

n
m(r)<  max Y [mr)—171 B
RSP -p
Fpd oy =T

i=1

Remark 2.13. In fact, because of the fermionic nature of the fields,
defining suitable norms on 2*, analyticity holds in a disk {|1| <1,}, where
Ao depends on the cutoff /. Since we consider the formal expansion only, we
do not need to make use of that here.

The flow is now obtained by successively integrating out the momenta
of shells around the Fermi surface. Since C is a sum of covariances, the
Gaussian measure factorizes into a product [T, diic,. and 4] can be
written as the endpoint of the sequence

-1
9 =2 ( Y C., 1> (2.59)
i=j

The sequence starts with %) =¥~ and may be obtained by iteration of
4 =RC,9],)=%],,+6(C;,9] ) (2.60)

The recursion can be summed to get, assuming 7 (0, 0) =0.

G D=0+ Y EC.9 )7 (2.61)

—izizj
Lemma 2.11 implies the following result.

Lemma 2.14. Let e CX(, R), k=1, and assume A2. If the initial
interaction ¥" e 2%, then for any scale j, 9] ek

Taking the initial interaction to be the bare one, ¥ = AV, yields the
sequence of unrenormalized effective actions which diverges as 7 — — oo for
the reasons discussed in the Introduction.

The renormalized Green functions are constructed by modifying the
interaction such that the Fermi surface of the interacting system, that is,
the singular surface of the interacting fermion propagator, stays fixed. This
requires a specific choice of ¥~ which we denote as ¢, the I indicating the
dependence on the infrared cutoff. Using the similar notation

']
@, 1
.‘9] —?4]
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for the % obtained from this interaction by (2.59), we require, as a condi-
tion on ¥,

(9=t95+ Y (E(CL91,)=0 (2.62)
I<ig—1|
SO
(9y=— ) [(6(C.%9],) (2.63)
I<ig—1

Since all ¥ j’ are functionals of ¢}, this is not a definition but an equation
to the solved by ¥{. There are further conditions on ¢§: We want the form
of the interaction to be similar to the original one. Only terms bilinear in
the fermion fields shall be generated:

(1=0)%i=(1—-0)AV=AV (2.64)

(2.63) can be solved order by order in A, that is, as a formal power series
in 4,
Go=3 G5 A (2.65)

r=1

as follows. All ¢ j’ are formal power series in A, with no zeroth-order term,
since they are connected Green functions (and since the free part is subtrac-
ted from the two-point function). One proceeds inductively in r, the order
in 2, in (2.63). To get the left side in order r, only counterterms in ¢/, | up
to order r — 1 are needed on the right side of the equation. No graph con-
tributing to the right-hand side of (2.63) can consist of a single two-legged
vertex with no internal lines. The left side of (2.63) can simply be used to
give a recursive definition for the counterterms.

Definition 2.15. The generating functional for the renormalized
Green functions is obtained by the flow (2.61) with initial interaction
%l=2V+ ' where V is the interaction given by (1.23) and the counter-
terms # are defined as a formal power series in A by

A=~ Y ECL9L D01 (2.66)

Isig—1

and we shall call their formal power series expansion in terms of 4 the
renormalized perturbation expansion. The expansion coefficients of %’
given by Definition 2.8(iv) are the renormalized, amputated, connected
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Green functions. More explicitly, the rth-order 2m-point function on scale
izl G is obtained by replacing the &(C;, %) by

2m,ro
gl g’(’
;= 4

and the E, ,, , by G; from Section 1.5

are defined as

n (2.56) and the functions G/

2mr 2nur

G =Glom, (2.67)
The counterterms are of the form
HD=L[, 4" EP) K D) ) (2.68)
where K’ is a formal power series in /,
Ki(p)= ¥ VK!(p) (2:69)

1

r

The G’ 2., are all of order =1 in the coupling A. In particular, the two-
point functlon has the zeroth-order propagator subtracted. Hence the
formula (1.47) for the self-energy. The recursion formula (2.60) can be
written for the kernels G’ as

G’ - G! =E, .(%}H) (2.70)

2mr J+ 1 2mr INUN

To show convergence of the renormalized Green functions in the limit as
the cutoff I is removed, / - — o0, it is convenient to arrange (2.61) in the
form

G=AV+ Y (1=£)E(CL G )+ Y (=) EC. %L, (271)

i+1
izj i<j

Iteration of this equation for ¥ j’ generates a tree structure, corresponding
to layers of ¥. Expanding this out to scale zero, one recovers the scaled
graph G’ from Lemma 2.4. For the unrenormalized expansion, the scales of
lines in G, are strictly higher than those in G, if /' > f on the tree. In case
of the renormalized expansion, this holds for r-forks, generated by the
second term in (2.71). The third term in (2.71) gives to the c-forks of the
tree. The scales of a c-fork f are summed from I to j, ., since i< in
the third term of (2.71).

The semigroup structure of the renormalization flow is obvious from
the way it is defined by fluctuation integrals. It is a consequence of the
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linear decomposition of the covariance C into a sum of C}’s. It allows one
to interpret the formula for % in various ways. By definition, % is the
amputated connected Green function with infrared cutoff j. Alternatively,
one can also view 4, as an effective action, ie, the G, ,, are vertex
functions of effective interaction vertices with 2m external legs. These ver-
tices are connected by Crlines to form the effective action on scale j, .
The process of expanding different parts of the tree, or equivalently,
expanding the effective vertices in terms of higher scale objects, can be done
to various degrees. One can choose to iterate selected parts of the tree, i.e.,
resolve selected vertices up to a certain higher scale or “trim the tree” at a
fork f by regarding the subgraph G; as a vertex with E(Gy) external lines
and vertex factor 3%(py ou— Prin) Val(Gy). We shall make use of three
variations on this theme, which we now briefly describe.

Remark 2.16. (1) Resolve every vertex up to scale zero, as
described above; this gives sums over values of the standard labeled graphs
G’ of Lemma 2.4. More precisely, this leads to the following formula for
the amputated connected Green functions:

=L LTI T % Valc)) 272)

izt 1 red’lr G e gup

where [as follows from (2.56), (2.57); see also Section VI of ref 2] the
second sum is over all planar trees ¢ with r leaves. The root is denoted ¢,
and for each fork f, n.>1 is the number of upward branches. (n,=1 is
possible because we do not use normal ordering). The factorial is that from
(2.56). The sum over graphs G runs over all G compatible with ¢, that is,
connected graphs with 2m external legs, r ordered vertices, constructed
according to the Feynman rules of the model. The leaves of ¢ correspond
to the four-legged interaction vertices of G. For any fork fe¢, there is a
connected subgraph G, of G, such that the quotient graph G({/})
[obtained by replacing all G, with n(g)=f by effective vertices] has n,
vertices. The set #(¢, j) of scale families J consists of all (j/);., ordered
according to the partial ordering given by the tree ¢,

F N ={0i ) er jg=7j; if fetisnotac-fork, j € {jy )+ 1., 0};
if fis a c-fork, j, € {I . jur)}} (2.73)
This definition is understood recursively, i.e., the root scale j, is fixed to j;
if fis a c-fork with z(f)=¢, then j, runs from I to j,. If n(f)=¢, but f

is not a c-fork, j, runs from j,+ 1 to 0. This assignment of scales is now
continued upward on the tree, determining the range of j, in terms of j,,,
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and the r/c label on the fork. All leaves b of the tree ¢ have scale zero, and
the vertices of G associated to them are the interaction vertices of the
original action. The labeling of the graph G, /+— j,, is: all lines / in G({f})
get scale j,= j,. Finally, Va/( G’} is defined according to the Feynman rules
for labeled graphs, with a propagator of scale j, associated to each line /.
In our case, there is no hard/soft labeling for the lines because we do not
use normal ordering.

(i) Resolve everything except for one-particle irreducible (1PI) two-
and four-legged insertions. More algorithmically, let G be a graph con-
tributing to ¥. For every vertex v, %, is again the sum of values of graphs
on scale > j+ 1. If v has <4 legs and is 1PI leave it. Otherwise repeat the
same procedure for the graph whose value is %,. Continue to resolve until
all graphs that are not resolved are IPI (for details, see Section 2.7). The
result is a labeled graph G' that has no nontrivial one-particle irreducible
two- or four-legged subdiagrams, but instead two- and four-legged vertices
with scale-dependent vertex functions. This will be used to trace back the
factorials in values of individual graphs (the reason for their occurrence are
the nonoverlapping four-legged subgraphs) and to order the inductive
proofs, since the scale-dependent vertex functions are themselves values of
subgraphs of lower order. The vertices are scale dependent because the
trimming procedure splits the summation over #. Trimming a tree ¢ at a
fork i decomposes ¢ into two subtrees ¢, and ¢, with ¢ as a leaf of ¢, and
i the root of 7,. Then

JU D=0 e Jr=Urren€ = Ft1, ))

and J, = (j ) en€ fo= Fl12. jy)} (2.74)

The vertex function 2, V. of the vertex w in G’ that corresponds to Gi 1s
one scale j,, and it is obtained by summing over the scales in ¢, keeping
those in _#; fixed,

Vo= Y Val(G) (2.75)

Jre 72

The projection 2,.€{/,1—/,1} is given by the r/c labeling of the forks
of 1.

(iii) Resolve according to families of nonoverlapping subtrees rooted
at forks belonging to two-legged diagrams; this will play a major technical
role in the estimates of the derivative with respect to the band structure e.
For details, see Section 2.5.



Perturbation Theory Around Nonnested Fermi Surfaces 1257

For further reference, we give the formula for K’ explicitly,

ZZ > H— S VallG')0,P(p))  (2.76)

Gj=1i~G fel1/ Je JU )

Note that K’ actually only depends on P(p) € S. The sum over G is over all
two-legged and one-particle irreducible (1PI) graphs G with r interaction
vertices. The graphs have to be 1PI since ¢(P(p)) =0 implies C;(0,0)=0,
and since the value of a 1P-reducible two-legged graph would contain such
a factor. Note also that K/(p)e R for all p by Al. This follows from (2.66)
and a change of integration variables y( p,, p) = ¥(—p,. p) in the functional
integral defining .

2.4. Nonoverlapping Graphs

In this section, we give an explicit characterization of two- and four-
legged graphs that do not contain any overlapping loops. These graphs
turn out to be dressed bubbles in the four-legged case and graphs of the
type encountered in the Hartree—Fock resummation in the two-legged case.

To make contact with the graph structure in our problem, and for
convenience of the reader, we shown explicitly how certain low-order
diagrams look when the interaction lines are collapsed to four-fermion
vertices; see Fig. 6. Graphs 1, 5, and 6 each contains two loops which do
not overlap. The last three graphs each contains two loops that do overlap.

We wish to single out those graphs which have overlapping loops. Their
value contains a volume integral that can be bounded by the function I,
defined in (3.4), which gives an additional convergence factor in scale sums.
This will serve to show that derivatives converge and that a large class of
4-forks is actually not marginal, that is, that the power counting behaviour
D,=0 is not saturated. For the graphs without overlapping loops, there is
no such improvement. But these graphs have a rather special structure (see
Fig. 6). In particular, the momentum of the external line will not enter in any
of the loop lines if the graph is two-legged and nonoverlapping. The two
lemmas in this section characterize graphs G that have no overlapping loops
explicitly for E(G)=2 or 4. They are stated for the more general class of
graphs that arise naturally when expanding the fluctuation integral for the
effective action at some scale [see (2.54) and below it].

In the following, let G be a connected graph constructed from particle
lines and generalized vertices v that all have an even incidence number
E, 2 2. Such graphs occur naturally in the flow of effective actions. We call
G one-particle irreducible (1PI) if any internal particle line of G can be cut
without disconnecting the graph. We also use L(G) for the set of all inter-
nal lines of G, E(G) for the set of external lines of G, V(G) for the set of
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Fig. 6. Replacement of interaction lines by vertices.

all vertices, and V. (G) for the set of all vertices with incidence number k.
For ve V(G), G—v denotes the graph in which v and all lines going into
v are deleted. For /e L(G), G—1 denotes the graph in which only the line
[ is removed (but not its endpoints). Denote the set of directed lines of G
by Z(G),

L(G)={(l,v,w)e L(G) x V(G) x V(G): | connects v and w}

Definition2.17. (i) Letn,,n,eNy, n,<n,. A path Pin G is a map
P:{ny,.,ny)—» #L(G), n—(l,,v,,w,), such that for all ne{n,,.,n,—1},
w,=0,,, and such that each vertex of G is visited at most once by P.

is a path, and [in the notation of (i)], w, =uv,, and the line from v, to w,



Perturbation Theory Around Nonnested Fermi Surfaces 1259

Q 0
(@) (b)

Fig. 7. (a) A self-intersecting walk, (b) a self-contraction.

1s a line of G (the case s =0 is a line from a vertex to itself, also called “self-
contraction”).

(1i) The trace (P) of the path or loop P is defined as the subgraph
consisting of lines and vertices visited by P.

(iv) We say that two loops P, and P, are independent if their traces
are distinct, G(P,) # O(P,).

For example, under Definition 2.17, the object shown in Fig. 7a is not
a path because it is self-intersecting. However, the object shown in Fig. 7b
is a loop consisting of one line (a “self-contraction™).

Remark 2.18. (i) We sometimes write the path as a finite sequence
(P(ny),..., P(n3)).

(ii) If P is a path, so is its inversion P!, defined as going over the
same lines as P, but in the opposite direction. If P is a loop, so is its shift
by m, P,,, defined as P, (/)= P(!/—m mod s).

(iii) Usually a loop is defined to be an element of the first homology
group H,(G, Z). For the purposes of the following analysis of overlapping
and nonoverlapping graphs, it does not really matter which of the defini-
tions one takes.

(tv) Let T be a spanning tree for a graph G. Let /e L(G)\L(T). Then
the subgraph of G obtained by taking the union of / with the linear subtree
of T that joins the endpoints of / is the trace of a loop under Defini-
tion 2.17.

Definition 2.19. G is called overlapping if there is a line of G
which is part of two independent loops.

Remark 2.10. (i) If G is nonoverlapping and S a connected sub-
graph, then S is nonoverlapping.

(ii) If G is nonoverlapping, and G a quotient~ of G obtained by
replacing a connected subdiagram with a vertex, then G is nonoverlapping.

(iii) If G is connected and S a subgraph that is overlapping, then G
is overlapping.
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(iv) If G is a nonoverlapping graph, and G is obtained from G by
forming a self-contraction of two external legs of a vertex v of G, then &
is nonoverlapping.

(v) If G contains a subgraph consisting of two vertices v, and v,
joined by n =3 lines /,,..., [, then G is overlapping.

Proof. (i), (iii), and (iv) are obvious. (ii) Let G be a quotient of G
obtained by replacing a connected subdiagram H by a vertex. Let G be
overlapping. Then there are two independent loops L, and L, in G that
have a line /e G in common. As a path in G, L, either crosses at most one
external vertex of H, in which case L, is still a loop in G, or it stops at two
distinct external vertices of H. Since H is connected, there is a path connec-
ting these vertices, and the composition of L, with this path is a new loop
in G that still contains /. Similarly, L, either is already a loop in G or can
be completed to one, and so G is also overlapping. This shows (ii). (v} Let
the vertices be v, and v,. Since n =3, the loop L, going from v, to v, over
/, and back over /, and the path L, going from v, to v, over /; and back
over /; are independent. Both contain /,. So the subgraph is overlapping,
and the same follows for G itself by (iii).

Definition 2.21. Let G be a connected graph with two external
legs and N vertices all having even incidence number.

(1) IfG,,.., G, are two-legged graphs, the strings G,...G,, 1s the graph
shown in Fig. 8a. The G, may be two-legged vertices (ie., vertices with
incidence number two).

(1) G is called a self-contracted two-legged (ST) diagram if G con-
sists only of one two-legged vertex with two external legs or if G has
exactly one vertex v, to which both external legs of G connect, all other
vertices have two legs, and the remaining legs of v, are joined pairwise by
strings of two-legged vertices to form loops. See Fig. 8b.

(1) A generalized ST diagram (GST) with N vertices 1s defined
recursively: if N=1, G is an ST diagram. If N> 2 and GST are defined for
all N'< N—1, a GST with N vertices is a graph such that G has exactly
one external vertex v, to which the two external legs of G join, and all
other legs of v, are joined by strings of GST with at most N — 1 vertices, to
form loops (which we call “generalized self-contractions”). For examples,
see Figs. 8¢ and 8d; in Fig. 8c the GST insertions are marked by crosses.

Lemma 2.22. Let G be a connected graph with two external legs
and all vertices of G having an even incidence number. If G is nonoverlap-
ping, it is a string of GST graphs. If G is nonoverlapping and 1PI, then G
is a GST graph.
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Fig. 8. (a) A string of two-legged diagrams, (b) an ST diagram, (c, d) GST diagrams.

Proof. The second statement is obvious, given the first. To prove the
first, do induction in the number of vertices N. For N=1, an E=2 graph
with one vertex must obviously be an ST diagram. It is instructive to look
at N=2 first. There are two cases: (1) only v, has incident external legs,
and (2) v, and v, both join to an external leg.

(1) Denote the incidence number of v, by n, and that of v, by n,.
Since two legs of v, are external and every self-contraction binds two legs,
there must be an even number n of lines between v, and v, (see Fig. 9). If
nz=4, G 1s overlapping by Remark 2.20(v) (there are n— 1 > 3 independent
loops containing any of the lines between v, and v,). So n =2, which means
that the graph is a GST.

(2) n, and n, are even, and v, and v, each bind one external leg
of G. Since self-contractions bind an even number of lines, v, and v, must
be joined by an odd number n of lines. If #=3, G would be overlapping
by Remark 2.20(v). So n=1, and G is a string of two ST graphs.

Let N>2 and assume the lemma to the true for nonoverlapping
graphs with N’ vertices, N' <N —1, and the G be a nonoverlapping graph
with N vertices and E=2.

822/84/5-6-25
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A

Fig. 9. An ST diagram with two vertices.

(1) If there is only one external vertex, v,, G takes the form shown
in Fig. 10a. Decomposing the subgraph B= G — v, into its connected com-
ponents C,,.., C,, we see that G must be as drawn in Fig. 10b. Denote the
number of lines joining v, and C, by n,. Let ke {1,.., /}. Since all vertices
in C, have an even incidence number and legs are joined pairwise to form
internal lines of C,, the number 7, of external legs of C, is even. As in the
case N=2, if n, >4, the subgraph consisting of v, and C, shown in
Fig. 10c is overlapping by Remark 2.20(v), (ii). By Remark 2.20(iii), so
is G. Therefore n, =2 for all ke {l,..,/} and, by Remark 2.20(i), being a
subdiagram of the nonoverlapping graph G, C, is nonoverlapping and two-
legged with even-legged vertices and at most N —1 vertices. By the induc-
tive hypothesis, C, is a string of GST, so G is a GST by definition.

(2) If there are two external vertices v; and v,, let G, =G — v, be the
graph obtained from G by deleting v, and all the lines going into it. Let
Ci,..., C, be the connected components of G, where C; contains v,. Then
G takes the form drawn in Fig. 11a. Consider the quotient graph G, where
all C, are replaced by vertices ¢, (see Fig. 1b). Denote the number of lines
from v, to ¢, by n,. Then for all k=2, n, must be even, since all the

[ Zag &

(a) (8) ()

Fig. 10. The case of one external vertex.
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Fig. 11. The case of two external vertices.

vertices of the graph C, have even incidence number. Since both ¢, and v,
join to one external leg, the number n, of lines between them must be odd.
If n, =3 or for any k=2, n, =4, G, is overlapping by Remark 2.20(v). So
n,=1and n,=2 for all k=2, and G takes the form shown in Fig. 11c.
Thus for all ke {1,..,r}, C, is a two-legged nonoverlapping graph with at
most N — 1 vertices. By the inductive hypothesis, all the C, are GST graphs
or strings of BST graphs, so G is a string of GST graphs as well. ||

We now turn to the four-legged case, and begin by a simple charac-
terization of one-particle reducible four-legged graphs.

Remark 2.23. Let G be a four-legged graph and all vertices of G
have an even incidence number. If G is one-particle-reducible, G is obtained
from a 1PI four-legged graph G’ by attaching strings of two-legged
diagrams to the external legs of G’, as shown in Fig. 12.

Proof. Induction on the number of vertices of G. Let G be 1P
reducible and / a line such that cutting / disconnects the graph. Upon
cutting /, G—1 falls into two connected components. Their numbers of
external legs must add up o six. Since, by assumption, any subgraph of G
must have an even number of external legs, one of them must be four-
legged and the other one two-legged. Apply the inductive hypothesis to the
four-legged subgraph, then the statement follows for G itself. ||

Fig. 12. General form of a one-particle reducible four-legged graph.
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Definition 2.24. (i) A GSF graph is a graph G with four exter-
nal legs, all joining to a single vertex v, of G, such that upon deletion of
two of the external legs, G becomes a GST graph.

(ii) A dressed bubble chain (DBC) of length r =0 is a four-legged
graph as follows. There are r+ 1 GSF graphs G,,..., G, such that for all
ie{l,..,r}, G,is joined to G,,, by exactly two strings of GST graphs, and
the external legs of G, and G, ., are connected to the external legs of G by
strings of GST graphs (which may consist of only a single line).

Remark 2.25. If an external vertex v of a nonoverlapping four-
legged diagram has at least two external legs, joining them to form a self-
contraction gives a nonoverlapping two-legged diagram which must be a
GST string. This is used in the proof of the following lemma. An example
for a GSF graph is shown in Fig. 13a. The thick lines in this figure stand
for strings of GST diagrams. An example of a DBC with r=2 is given in
Fig. 13b, again denoting strings of GST diagrams by thick lines and
denoting GSF graphs by four-legged vertices with a box. An example with
r=1 where all vertices and lines are drawn is shown in Fig. 13c. A DBC
of length r=0 is a GSF with strings of GST diagrams attached to the
external vertex of the GSF.

Lemma 2.26. Let G be a connected graph whose vertices all have
an even incidence number, and with number of external lines E(G)=4. If
G is nonoverlapping, then G is a DBC. More precisely, let Ve {1, 2, 3, 4}
be the number of external vertices of G (a vertex v is called external if an

g%jm ><><><

(c)
Fig. 13. Examples of GSF and DBC diagrams.
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e*
KX — XXX
Fig. 14. Cutting a line of a GST diagram can produce a DBC.

external leg of G joins to v). If G is 1PI and nonoverlapping, then V<2
with G a GSF for V=1 and a DBC of length r>1 for V=2

Proof. For V<3, one of the external vertices, v,, must have at least
E, =2 external lines going in. Two of the external lines of v, can be joined
to a self-contraction /*. By Remark 2.20(iv), the resulting two-legged graph
G* 1s still nonoverlapping, so by Lemma 2.22, it is a string of GST graphs.
Cutting /*, we see that G itself is a DBC. This is proven by the same induc-
tion process as is used to define GST. See Figure 14 for an example of how
a DBC is generated when /* is cut. If E, >3, G is a DBC of length r=0.
If V=3, the two-legged graph G* constructed from G has two external
vertices. Since it is nonoverlapping, it must be 1P reducible by Lemma 2.22
and Definition 2.21(iii), so G is also 1P reducible. Thus V=3 is
impossible if G is 1PL

If V=4, we use Remark 2.23 to decompose G into the 1PI graph G’
and the strings of two-legged subdiagrams attached to G'. By Remark
2.20(i), G' must also be nonoverlapping and the strings must consist of
GST diagrams. If V(G') <2, we know by the above that G', and hence G,
is a DBC. Now, V(G')=3 is impossible, since G’ is 1PI. Thus, to com-
plete the proof, we only have to show that V' (G') =4 is impossible as well
for a four-legged nonoverlapping 1PI graph G'. So assume that V=4, let
v be an external vertex of G', and let S=G' —v. Since V=4, v binds only
one external leg of G’, so v connects to S by an odd number of lines. Let
Cy,.., C, be the connected components of S. One of them must connect to
v by an odd number n* of lines. But if n* =1, G’ is reducible, contrary to
our assumption, and if n* >3, G’ is overlapping by Remark 2.20(ii), (v),
again a contradiction.

K

(a) (6) (c)
Fig. 15. The case Vg (G')=4.
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The alternatives are sketched in Fig. 15. The black box K consists of
v, together with all connected components of S that do not contain an
external vertex. In the figure, K is drawn four-legged; in general, it may
have a larger incidence number. Figure 15a is the case n* =3. The two
loops joining K and S overlap. Figures 15b and 15c are cases where n* =1.
The figure can be disconnected by cutting a line leaving K. ||

2.5. Decomposition of the Tree of a Labeled Graph

We now consider labeled graphs and show how to decompose the
associated tree into subtrees corresponding to overlapping and nonoverlap-
ping graphs. It was mentioned in the motivation of the classification of
graphs into overlapping and nonoverlapping ones that the bound for the
value of overlapping graphs contains as a factor the function I, defined in
(1.34). As discussed in Section 1, this factor arises because the propagators
of scale j <0 are supported in a shell of thickness M near the Fermi sur-
face, and the intersection of such a shell with its translate by some momen-
tum p is transversal for all p outside a set whose volume shrinks with the
thickness of the shell. Therefore, the arguments 7, in I, will be M7, where
Jy are scales of the lines involved. The volume improvement factor might
arise only at a relatively high scale, and to exploit it as much as possible,
it is therefore very important in our analysis to keep track of the scale at
which this volume improvement factor arises. We do this by decomposing
the tree of the labeled graph G’ into maximal subtrees corresponding to
nonoverlapping subgraphs.

We start with an example to illustrate the idea behind the procedure.
In Fig. 16, a graph with scale assignments 0 > A’ >/ > j is shown from top
to bottom on decreasing scales. The interaction lines appear only on scale
zero. On the lowest scale j (root scale), the graph is nonoverlapping, since
all lines of higher scale are collapsed into effective vertices. On scale h > j,
the graph is overlapping, and the volume improvement factor arises at
scale & in this example. In general, the strategy will be to go from lower to
higher scales (from bottom to top in Fig. 16), resolving (i.e., expanding) the
effective vertices until either scale zero or a scale on which the graph over-
laps is reached. With a properly chosen spanning tree for the graph, the
volume gain is then extracted.

Definition 2.27. (i) Let G’ be a labeled graph with tree . For a
{connected} subtree ¢’ of 1 (we shall denote this as ¢ = 1}, rooted at a fork
¢,, define the projected graph G(¢') as a quotient graph of G, as follows.
If f"¢r is a fork directly above ¢, ie., there is a fork /' e such that
n(f") = f", replace G}. by a vertex with the same external legs as G/., and
with vertex function Val(Gy.). The lines in subgraphs Gj’- with fet' join
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scale

hl

Fig. 16. A labeled graph at several scales.

these vertices to form the graph G(¢') (leaves of ¢ that are also leaves of '
remain the same vertices they were before).

(1)) For a subset 4 of the set of forks and leaves of ¢, define

o(A)={f"e\A: [ fork, I e A: =(f") = f}
d(A)={f"e\A4: f" fork, I ed: ' = f}

Thus /(A4) is the set of all forks of 1\A4 that are above 4 and o{A) is the
set of all forks of \A that are immediately above A.

(ii) For fet, denote by ¢, the subtree of ¢ rooted at f that contains
all forks and leaves in #/({f}).

Remark 2.28. (i) G(r') is the graph where all subdiagrams
belonging to forks above ¢’ are collapsed to effective vertices, and where all
subdiagrams belonging to forks in ¢ remain subdiagrams.
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(ii) G(t') is connected.

{(1i) The mapping G;t, — G(1') also acts naturally on sets & of lines of
G;l,. Those lines in ¢ corresponding to #'-forks are left unchanged. All
others are absent in the projection. The projections of paths L, etc., will be
denoted as L, or L(¢') if necessary. Note that the projection of a path need
not be a path in the sense of Definition 2.17 because it may visit a vertex
more than once and hence fail to be injective.

(iv) ' may be trivial, that is, consist only of its root fork; then we
write ' = ¢, and G(1') = G(¢).

To do the tree decomposition, we need some more facts about non-
overlapping graphs, which we state in the following lemma. If G is a graph
and H a connected subgraph with 2m external legs, we denote by G/H the
quotient graph obtained by replacing H by a vertex with incidence number
2m. In our convention, external legs of a connected graph are not counted
as lines of the graph, and the statement that two subgraphs 4 and B of a
given graph are disjoint means that they share no vertex (so an external
vertex of 4 may be connected to an external vertex of B by a line which
belongs neither to 4 nor to B).

Lemma 2.29. Let G be a connected graph.

(1) Let G have only vertices with an even incidence number, let T be
a connected two-legged subgraph of G, and assume that G/T is nonover-
lapping. Then

G is overlapping <> T is overlapping

_ (1) Let G, and G, be disjoint connected subgraphs, and assume that
G,=G/G, and G, = G/G, are nonoverlapping. Then G is nonoverlapping.

Proof. (i) “<=” is obvious by Remark 2.20(iii). “=": There are two
independent overlapping loops K and L in G. Since G/T is nonoverlapping,
their traces must differ in 7. If T were nonoverlapping, T would be a string
of GST, and by the structure of GST graphs and the condition that any
path may visit a given vertex at most once, both K and L would have to
step over the same lines in 7. So then #(K) = 8(L), which is a contradiction.

(ii) Assume G to be overlapping. Then there are independent loops
K and L such that the set of lines which are part of both loops is not
empty. Thus there exist “splitting points,” which are vertices as follows: v
is a splitting point if v is endpoint of a line /, that is part of both K and
L, and of lines k£ and / such that k is a line of 8(K) but not of (L), and
!/ is a line of §(L), but not of A K). In other words, a splitting point is
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a vertex at which the two paths deviate after going over the same line(s).
Let v be such a splitting point, and /,, /, and &k be as defined above. Also,
denote the second endpoint of /;, by w.

If ve G,, we will construct loops K, and L, in G, as follows. First we
reparametrize K and L (using the shifts and inversions described in Remark
2.18) so that they start at w and the first line is /;, and the second is k for
K and I for L, etc. Since ve G, and since G, and G, are disjoint, none of
ly. I, and k can be in G,, so I, /, and k are all in G,.

If wis in G,, we take K, to be the restriction of K up to the first point
when a vertex of G, is hit by K; this is a loop in G,. L, is defined similarly.
By construction, #(K,) contains &, but not /, and 6(L,) contains /, but
not k, so these loops are independent, and both contain /,. So G, is over-
lapping, which is a contradiction.

If w is not in G,, we take K, to be identical to K up to the first point
where K hits G,; then we continue it to be K from the last time K visits
a vertex of G, (if K does not visit G,, K, =K). L, is defined similarly. Again,
these loops are independent, and overlap at /,, which is a contradiction.

If v¢ G,, we construct loops K, and L, in G, starting again at w, and
going over /; and k or /, this time taking out the parts between first and
last visits of G,, to avoid multiple visits at the vertex of G, that replaces
G,. Since v is not in G,, the lines /,, /, and k are all in G,, so K, and L,
are again independent overlapping loops in G,. This contradicts the
assumption that G, is nonoverlapping. |

Remark 2.30. If the vertices are allowed to have odd incidence
numbers, (1) does not hold, as can be seen from the graph in Fig. 17 (the
subgraph H is the part of G inside the dashed circle).

Lemma 2.31. Let G’ be a labeled graph, ¢ its tree, and f' e a fork.

(1) Let f,.., f,et be forks or leaves such that =(f;)=/f Vi, and
assume that for all ie {l,.., n}, G(-_’;) is nonoverlapping. Then

is nonoverlapping as well.

T

A

Fig. 17. A graph with vertices with odd incidence number.
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(i) Let G(f) be nonoverlapping. Then there is a unique maximal
tree 7,< 1, rooted at f, such that G(rf) is nonoverlapping, ie., if 7 is such
that G(t) is nonoverlapping and such that ¢, = f, then r < 7,

(111) There is
N <= {¢} u{f: E(G})=2, G(f) IPI and nonoverlapping} (2.77)

such that (a) ¢ € A if and only if G(¢) is nonoverlapping, (b) if f, /"€ A

thhf;éf then 1,and 7, are disjoint, and {c) if /' ¢ .4 but £ G‘,’)—Z and

G(f) is 1PI and nonoverlapping, then there is an /'€ 4" with 1,c 7.
Here t,, t,» are the maximal trees associated to f, f” in part (ii).

Proof. (1) follows as in Lemma 2.29(ii).

(ii) Let S={f'c1t,: G(!') nonoverlapping}. Since G(f} is non-
overlapping, S # (. Build up the tree 7, recursively as follows: for all forks
or leaves f, ..., f, with f=z(f}), add fito 7, if G(%) is nonoverlapping [ note
that if o is a leaf, then G( 7) is always nonoverlappmg if G(f) is non-
overlapping, since G 7= G( f ] The resulting tree

o )

is then nonoverlapping by (i). If for all forks f,,..., f,, G( -_f,') is overlapping,
then

vi...ub

= r

where v,,.., v, are the leaves with n(v,)=f, or t,=fif b=0, and the
process stops. Otherwise, repedt the procedure for every f'€{f, ... fi.}
that is a fork, add branches / Y if the corresponding graph is nonover-
lapping, add all branches to leaves and stop 1f there are no forks with non-
overlapping graphs G(/ 7 "). Repeating this, the process ends after a finite
number of steps. It is obvious by construction that the tree so obtained is
maximal in S and therefore unique.

(iti) Put ¢ into A" if G(¢4) is nonoverlapping, and in that case con-
struct 7, using {ii}. Let M(G'Y={fet: f>¢, G(f) is nonoveriapping, 1Pl
and two-legged}. We construct 4" by induction on the number of forks N
of My(G’). If N=0, ie, M,(G’)= &, then &/ = J or & = {¢}, depending
on whether G(¢) is overlapping or not. Let N> 1 and assume that the
family has been constructed for all N'<N—1. Let {f},.., f,} be the set of
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all minimal forks of M,(G”) (in the partial ordering of ¢). For all k, con-
struct 7, by (11). Because of the tree structure, we can consider each k
separately. Let g= f, for some k. Now, 2/(1,) is a disjoint union of trees
rooted at forks feo(z,) [or &/(1,) =, in which case we are done with
g]. Each of these trees has N'<N—1 forks in M,, so the inductive
hypothesis applies. Add to 4" the forks that have been selected by the
inductive hypothesis from each of the trees. This really gives a family of dis-
joint trees in the sense that no element of 4" is directly above a fork in a
tree 7, of .47, as is implied by the remark following this lemma.

Suppose now that f e \.A4", but E(Gf) 2 and G(f) is 1PI and non-
overlapping. By the construction of 4" the set {f"e A" f" <f} is non-
empty. Let /' be the maximal element of this set. Also by construction
S €t,. To complete the proof it suffices to show that if t,¢& 7, then the
tree 7, is not maximal in the sense of (ii). To see this, first observe that
G((r, )/ 1s nonoverlapping by Remark 2.20(i). So the maximality of 7,
implies (7)< 7., which in turn implies G(rLu t,.) is obtained by replacing
the two-legged nonoverlapping subgraph G((z,),) of G(rj) by the two-
legged nonoverlapping graph G(r,) Remark 2.20(i1) and the following
remark ensure that G(t,u 7,+) is nonoverlapping. So the assumption that
T #T,U T, contradicts the maximality of 7. Thus r 7. |

Remark 2.32. Let G’ be a labeled graph of our model, #(G”) its
tree, and let 7 be a subtree of f such that G(r) is nonoverlapping. Let f be
a fork directly above 1, ie., fe€a(r), such that E(G,)=2. Then

A
G| | | overlapping < G( f) overlapping (2.78)
T

Proof. Apply Lemma 2.29(i). |

Remark 2.33. Note that Remark 2.32 holds only for two-legged
subdiagrams. For example, the graph at scale j in Fig. 16 is not over-
lapping, while that at scale / is overlapping. Nonetheless, to go from the
graph at scale j to that at scale 4, one replaces the six-legged vertex by
the tree diagram shown in Fig. 18, which has no loops and hence is not

N/
N

Fig. 18. The six-legged scale / subgraph of Fig. 16.
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overlapping. So, it is possible to replace one vertex in a nonoverlapping
graph by a nonoverlapping subgraph and produce an overlapping graph.
This plays a role for estimates of derivatives.

2.6. Improved Power Counting

We now extract the volume improvement factor in the value of any
graph that overlaps at some scale, and use it to show an improved power
counting bound that holds for every such graph. We also give a natural
routing prescription for the external momentum suited to bounding
derivatives. In this section, let G € Gr{n, m; m,,.., m,), J: [+— j, be a labeling
of G and Val(G’)(C, 4,,,..., U,,) be given by (2.54). A loop basis for the
graph is a basis for H'(G, Z). Since for an overlapping graph, the two
overlapping loops (in the sense of Definition 2.17) define linearly independ-
ent cycles, we may use both of them as basis elements. Recall that there is
a natural basis for H'(G, Z) associated to any spanning tree T for G. It
contains one loop for each element of L(G)\L(T). The loop associated to
le L(G)\L(T) consists of / and the path in T joining the ends of /. Also
recall that T is consistent with J if T~ G( t;) is a spanning tree for G( t;) for
all forks fet,.

By definition, a graph G is overlapping if there exist two independent
loops in G which share a line. 4 priori, the specific loops determined by a
spanning tree for G are not required to overlap. But of course they do. This
is proven in the following lemma.

Lemma 2.34. (i) If G has a spanning tree 7 without any
associated overlapping loops, then no spanning tree of G has any
associated overlapping loops.

(i) If G is overlapping and T is an arbitrary spanning tree of G, then
there are two overlapping loops associated to lines /, and /, e L(G)\L(T).

Proof. (i) Let T be a spanning tree for G such that all of the loops
L,,.., L, associated to T'do not overlap each other. Define Ty, = G\U7_, L.
Then (i) is a consequence of (a) if /e Ty, , then G —/ is not connected, and
(b) for each 1 <i<n, every spanning tree for G must contain all of L, save
exactly one line.

Now, (a) and (b) imply that any spanning tree for G must consist of
G minus exactly one line from each of L,,..., L,,.

Proof of (a). First note that Ty, = T because, by definition, every
line of G that is not in 7 generates one of L,,.., L,. If G—1 is connected,
there is a path in G —/ that joins the two vertices at the ends of I There
is always such a path that is also contained in T, because T contains all of
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G save one line from each of L,,.., L,. If the path uses the missing line
from L;, we can always replace the missing line by the rest of L,. Hence /
union the path is a loop in T, which is impossible.

Proof of (b). Delete two lines /|, /, from @(L;) [6(L) is the subgraph
corresponding to L; see Definition 2.17(iii) ]. Then &(L,) — I, — I, consists of
two connected pieces A,, A,. In the event that /, and /, are nearest
neighbors on L;, 4, and/or A, is a trivial graph consisting of a single ver-
tex. Suppose that there is a path P in G—/, —/, connecting a vertex v, of
A, to a vertex v, of 4,. We can assume without loss of generality that this
path contains no lines of L,. As in the proof of (a), we can also arrange
for the path to be contained in T. One of /, and /, must be in 7, so we can
construct a loop in T using P and part of L,. This is impossible, so P can-
not exist. So no spanning tree for G can be contained in G—1/,—/,.

(ii) It suffices to construct one spanning tree T for G that has two
overlapping loops associated, because by (i), any other spanning tree for G
will then have the same property. Let L, and L, be independent overlap-
ping loops in G. Let /, be a line in L, that is not in L,. The line /, exists
because if (L,) = 6(L,), then either (L,)=86(L,) or L, is self-intersecting.
Put &(L,)—/, in T. Note that, regardless of how we complete T, the loop
associated to /, will always be L,. Let /, be a line that is in L,, but not
in L,. Denote by v, and v, the vertices at the ends of /,. Add to T the
unique connected subgraph of 8(L,) that does not contain /,, that has v,
as one terminating vertex, that has a vertex w, of &(L,) as its other ter-
minating vertex, and that contains only one vertex of 8(L,). Similarly, add
to T the unique connected subgraph of &(L,) that does not contain /,, that
has v, as one terminating vertex, that has a vertex w, of 8(L,) as its other
terminating vertex, and that contains only one vertex of 8(L,). Note that
the two pieces of L, that have just been added to T contain no lines of L,
and that w, #w,, because L, must overlap L, and cannot be self-inter-
secting. Regardless of how we complete T, the loop M, associated to /, will
contain /,, continue along L, from v, to w,, continue along L, from w, to
w,, and finally continue along L, from w, to v,. Thus the loops associated
to /, and /, overlap. Complete T any way you like. |

Lemma 2.35. Let G be overlapping. Let J be an assignment of
scales to G.

N (i) Let 7, be the maximal subtree of # G’) rooted at ¢ for which
G(t,) is nonoverlapping. Let j* =min{j,: feo(t,)}. Then for any tree T
consistent with J there is a line /* e T with j,. <j* which is contained in
two independent loops associated to lines /, and /,e€ L(G)\L(T). In the
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case that G(¢) is overlapping, j* =j,. In the assignment of momenta to
lines of G given by T,

ppr=xp,xp,+0 (2.79)

where Q is a linear combination of loop and external momenta inde-
pendent of p, and p,,.

(i1) Assume that the propagators assigned to the lines of G satisfy

|G,y (Po, e(P) <z, M =72 I(lipy—e(p)| € [M/~% M) (2.80)

Ji

with factors z,>0. Let K, be as in Lemma 2.3(ii), ¢ be as in Proposi-
tion 1.1, 4 be as in Lemma 2.3(ii), and let

%
= _— 2- 1
KI CvolAg ( 8 )
Then
|Val(G’)|, v [T (4Koz)) TT 1,1 M MPe%
/eL(Gi ve M(G)
x [] MPvr=Imm (2.82)

I>¢

Proof. (i) Let T be any tree consistent with J. For example, T may
be built by first building spanning trees for the topmost forks of 1(G’), then
extending these to spanning trees for the next level of forks of #(G’),
and so on. Let b obey j,=min{j;: feo(r,)}. Then T(r,u{b})=
T G(r,u {b}) is a spanning tree for G(z, U {b}), because if you collapse
a connected subgraph of a tree, you get another tree. By the maximality of
14, G(r, U {b}) is overlapping. By Lemma 2.34(ii), any spanning tree for
any overlapping graph has associated at least two overlapping loops. So
there is an /* e G(r, U {b}) that is in two independent loops L, and L,
associated to T(t,uU {h}). These loops expand to two independent loops
L, and L, associated to T, both of which contain /*. Then (2.79) follows
for /* because any line that is part of the loop L, has the momentum p,
flowing through it, i.e., the linear combination of momenta making up p,.
contains summands +p, and +p,,, the + depending on the relative orien-
tation of the lines.

(ii) After fixing of the momenta on the lines of T, the expression
(2.54) for Val(G) becomes



Perturbation Theory Around Nonnested Fermi Surfaces 1275
Val( GJ)(’71 soers Mam — 1 Bam)

= Z f H d‘H'lp, l_[ (Cj,(Pi))a,a;

spinsa = le L(G\L(T) le L(G)

X [T (2 (P s P Vet ot (2.83)

i=1

where 7, ={g,, B,) and 2m;= E, and the momenta on lines and in the ver-
tex functions %, match up according to the fixing of the momenta described
in (i), and for each ¢teL(T), p, is a linear combination of the loop
momenta (p,),. ;enu and the external momenta q,,..., gz

We bound the spin sum at both ends of every line /e L(G) by a
factor 2 times the maximum over spins and take the sup norm of all %,,
to get

|Val(G)(C, %, ..., U)o g4\Hony ]_[ 1%, | (2.84)
k=1
where

x=sup [ [ a'p T IGUple-e®) (285)

LR -1 le L(G\L(T) le L(G)
By hypothesis, upon integration over the (p,),

X< Y( I1 :,M‘ji+2> [T @M (2.86)

te L{G} le L{GN\LAT)
where

Y= sup f [T  (@p,1(le(p)| < M#))

LARISN G —1 le LIGN\L(T)
x [T 1{le(p)) < M%) (2.87)
leT

Ordinary power counting, we would obtain Lemma 2.4(i) by omitting the
last product over /e T. Improved power counting is obtained by keeping
only one factor, that from /=/*e T, of this product, to use the volume
improvement estimate, Proposition 1.1. Applying (i), integrating over the
loop momenta p, and p, first, and recalling (1.34), we obtain

Y < I(M7v, M7, M) [T  d'p/1(e(p)l <My (2.88)
IeL(G)\Ll}T)
e {12
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By Proposition 1.1 and Lemma 2.3(ii),

. . . A .
Y<CoaM¥ MMy ] 2 Mh
le L(G\L(T) Yo
I¢{h. h}
) A .
<K, M H — M (2.89)
le LiGNL(T) Yo

We insert this bound for Y, use |L(G)\L(T)| < |L(G)|, and 4/u,>1, and
reorder the product over scales by the usual telescope formula

Ji=is+ Y Ur—Jup) |
I>¢
le G
Remark 2.36. Apart from a constant, the improved power counting
bound is the ordinary power counting bound times an improvement factor
M™, where j* is the scale at which the graph overlaps. By Lemma 2.3(i),
the propagators C; given by (2.17) satisfy the hypothesis of (ii) with z,= 1.
Derivatives with respect to p or e satisfy a bound with z,=const - M~/ by
Lemma 2.3(iit).

We now want to prove that for any labeled graph G’ with (scale) tree
1(G”), there is a spanning tree such that the external momentum does not
enter any of the lines in G(r,-), for all fe. .. We first explain why there is
anything to prove. Any two-legged I PI nonoverlapping graph has only one
external vertex v,. The external momentum can trivially avoid all internal
lines of such a graph. However, even if G(f) is nonoverlapping, G( t;) may
be overlapping. In fact, the image of a poorly chosen spanning tree for G
under the projection onto G may not even be a tree. Consider, for example,
the graph drawn in Fig. 16. If the leftmost line carrying scale j is in the
spanning tree of G at scale zero (top of the figure), what remains of T in
the projection of G on scale j (bottom of the figure) is certainly not a tree
graph. The way to avoid this problem is to start at the bottom, i.e., at root
scale, to construct a spanning tree for G(¢), and then go upward on scales,
constructing spanning trees for all the subgraphs that appear as effective
vertices, and combine them to a spanning tree for G using the following
simple fact.

Remark 2.37. Let G be a graph, G’ a connected subgraph of G,
and G the quotient graph of G obtained by replacing G' by a vertex. Let
T’ be a spanning tree for G’ and T a spanning tree for G. Note in partlcular
that 7" necessarily consists only of internal lines of G'. Let T=T"u T
Then T is a spanning tree of G.
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Lemma 2.38. Let G’ be a labeled two-legged 1PI graph and let
(t/)re.s be the family of subtrees of Lemma 2.31(iii). Then there is a
spanning tree of G such that for all fe .4, the external momentum enters
in no line of G(rf), and such that for all fe 4", there is an improvement
factor M%7 with j* <min{j,: b leaf of 7}

Proof. We first construct a suitable spanning tree for G(rf) for any
fe . This is easy. On each loop of G(t,) delete a line I’ of lowest scale.
Since G(z,) is a GST graph, this does not disconnect it. It leaves a tree T,
which is already the desired spanning tree for G(z,). In particular, it is con-
sistent with 7,. This means the following. Let f* be a fork of 7, and t the
subtree of 7, consisting of f* and all forks of 7, above f'. Then T,n G(tf)
is also a spanmng tree for G(t,) To see con51stency, it suffices to check
that 7, G( 1,) connects all pairs of vertices v, v’ of G( tf) because clearly
T G( {,) can contain no loops. As G( t,} is connected, it contains some
path from v to v'. The only problem is that this path may use the one line
I' of some loop L that is omitted from 7, But because l'eG(t,) and
Jr < jp for all " e L, we necessarily have L < G(tf) But then we may use
L\!" = T, instead of /' in the path. _

Since the loops determined by 7, do not overlap and G(z,) is 1P, all
lines on the same loop carry precisely the loop momentum p,.. The external
momentum enters only in the vertex function of the one external vertex,
but not in any internal line of G(r,) Now we combine them, going upward
from the lowest forks fe A" Choose a leaf b of 7, such that j*=, is
minimal. By the max1rna11ty of 7,, Gy= G( f,’/ ) is overlapping. Grow a
spanning tree for G(b). Combine it with the spanning tree 7, of G(Tf) by
Remark 237 to get a spanning tree for G;. Lemma 2.35 applies, so there
is a volume improvement factor on scale j* or below. To get a spanning
tree for G, we do the above procedure for all G(rf), fe N, then choose an
appropriate spanning tree for the remaining subgraphs of G and put them
together using Remark 2.37 to obtain a spanning tree T for G. This is
possible because, by Lemma 2.31(iii} and Remark 2.32, all the /'S are
disjoint.

Remark 2.39. Note that the external momentum does enter inter-
nal lines of nonoverlapping 1PI two-legged graphs if vertices with odd
incidence number are there; see, e.g., the graph of Remark 2.30.

Theorem 2.40. (Improved power counting). Let G’ be a labeled
graph contributing to the sum (2.72) for G5, ,, let ¢ be the tree associated
to G”, and let ¢ be its root. Let 4" be as in Lemma 2.31(iii) and for f € 4, let

J¥(f)=min{j,: b leaf of 7,} (2.90)

822/84/5-6-26
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Then
[Val(G)| o < (4Ko) MO (K, M%)\ ##-4) T] (K, M7")
Sfe. b

x M/P¢ H MPrUs=Jasy
fet
S>¢

x IT 18de T IFulo (291)

v two-legged v four-legged

Proof. Choose the spanning tree of Lemma 2.38, fix the momenta,
collect the improvement factors given in Lemma 2.38, going upward from
root scale, and do not forget the one at root scale if the graph is overlap-
ping on root scale, that is, ¢ ¢ 4" This works because the higher (7(;,)
appear as vertex functions in the lower ones, so that one can indeed apply
Lemma 2.35 separately for all G(rf), fe, and because Remark 2.32
assures that no improvement factors are counted twice. ||

If G(¢) is nonoverlapping on root scale, then there is no improvement
factor M¥. For general nonoverlapping graphs, e.g., four-legged ones, there
is no further improvement without more specific assumptions on the band
structure e. However, for two-legged 1PI graphs, one can use a refined
bound that exploits sign cancellations to show that their root scale
behavior does contain another factor of M even if they are nonoverlap-
ping on root scale. This bound, which we now prove, is more subtle than
the previous ones and we will have to use it with care when proving the
statements about the derivative with respect to ¢ in Section 3. We first give
the explicit formula for Val(G) for nonoverlapping two-legged graphs.

Remark 2.41. Let G be a nonoverlapping, 1PI, two-legged graph.
By Lemma 222, G is a GST graph. By definition, these graphs have an
obvious recursive structure: let v, be the external vertex of G, with
incidence number 2m,. Let v,,.., Vi, be the vertices of G that have
incidence number >4 and that are on one of the self-contraction loops of
v,. By definition of a GST graph, each vertex v, is again an external vertex
of a GST (or ST) graph G,. Choose a spanning tree for G as in Lemma
2.38. Then the value of G takes the form

(Val(G")(C, Uy, ., U,.)) g (q)

nm—1

= 2 [T @ p(Stpdan 1)

T Xmy -2 i=1

X (%m )uu SOy - |/}o(,,,| & _gﬁ’(pl 3eeny pnu —1> q’ pl 3oy pnn — l) (292)
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where S;(p)e M,(C) are strings of subdiagrams,

wi— 1

s =( T cumatip)c. (293)
k=1

with w; the number of lines of the string S;, Z.€{1,/, 1 —/}, and T(p) the
kernel either of a two-legged vertex or of the (G)ST graph G, if it is
associated to one of v;,..., v; . Because of (2.16), there are j” such that for

all ke {1,.,w}, jue {j jO+1}.

Lemma 2.42. Let j<0, n>1, ke{0,..,n—1}, me{l,.,n}. Let
T,.--T,_,eC}RxA)and ge C(R x #). Let

L= dpo [ d’B Clpo. el))” €, i(po )"

k n—1

xg(po-?) [T 1=DTp) [] ITup) (2.94)

w=1 w=k+1

Then there are constants U, < U,, Uy depending on M, u,, |u|,, d, and &
such that
k n—1

ILI<UM> M (glo [T 1Ty T] (T.le M) (2.95)

w=1 w=k~+1
and, if ge CY(R x ),

n—1
ILI<U,M>* MY [T (IT.|lo M)

w=k+1

k k
x(lgnl., 11Tl +1glo, 3 170 T1 IT...I.) (2.96)

w=1 v=1 wHEL

where

lgl.,;= Y sup{ld*g(p)l: |pol < M7, le(p)| < M’} (2.97)

a jo| <5

Proof. We change variables to (p, @), as given in Lemma 2.1, and
denote y(py, p, @) =g(po. p(p, @)) and 0,(po, p, w) =T, (po, P(p, ®)).
Then

(T (p)=20,0,0,w)
d (2.98)
(1-£YT (p)=8.py. p.0)—8.10,0, w)
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and

L=[ dpo | do Cpo p)" Cri(po, o'

n—1

x [ do (1)(po. p, @) T] 2.0.po. p.) (299)

w=1

Here J(pq, p, ©) =J(p, w) is the Jacobian of the change of variables; see
Lemma 2.1. In polar coordinates (r, ¢) such that p=rsin¢ and py=
rcos ¢, dpydp =r dr de,

_ M

Ci(pos p)= (2.100)

ire®
Since m>= |,

S92y f(M-Y= ) =< f(M~Y) < l(re[M? 7% MY]) (2.101)

Noting that /T, is independent of ¢ and r by (2.98), and writing the
difference

0,.(rcos @, rsin g, w)—0,(0,0, w)=rd (r, ¢, w) (2.102)
with

1
4.(r, p, w) =J0 dt(cos ¢ 0y +sin @ 0,) 0, (trcos @, trsin ¢, @)  (2.103)

we obtain
n—1
|1,-|<H,.M2"+‘Mff do [ (16ulo M) (2.104)
N w=k+1
where
H,=sup sup f dp e="(r, @, w) (2.105)
weS re(0.M/] [0
with

k
o(r, ¢, w)=(Jy)(rcos @, r sin @, ) H 4,.(r, ¢, ®) (2.106)

w=1

Bounding the ¢-integral by 27 |¢|, results in the ordinary power counting
bound (2.95).
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But we can do better than that by being more careful about the
integral over ¢. After a Taylor expansion of ¢ around r=0,

10
é(r, @, w) = (0, ¢,w)+rj dt—¢(tr, @, ©) (2.107)
0 or
H; splits into two terms. The first term contains

k
$(0, ¢, ) =J(0, w) (0,0, w) [] (cos ¢ 0,6,.(0, 0, w)

w=1|

+sin ¢ 0,6,.(0,0, w)) (2.108)

which is a polynomial of degree k <n—1in ¢ and ¢ =%, so
J' dp e~"*$(0, ¢, ) =0 (2.109)
0

In the second term, we bound

o k k
%o <1to X120 (T1 1T )+ 10510 T 170 2110)

v=1 wHELD w=1

The factor r from the Taylor expansion gives the additional M. Collecting
the constants |J|, and others coming from the relation between y and g, we
obtain the lemma with constants U, that depend on dy, |u|,, Uy, and d. |

Remark 2.43. In the application to the value of a nonoverlapping
graph, the g in Lemma 242 will be the vertex function %, , which may
depend on other momenta. Replacing |g|, and |g|, by the corresponding
norms of the restriction of g(p) to p obeying |p,l, le(p)| < M’*' retains
information about the support of the propagator C;. As the example of
Remark 2.33 shows, this information is necessary for volume improvement.
In fact, Lemma 2.35 applies to that expression, in which the string S, is
replaced by a propagator that satisfies the hypothesis of Lemma 2.35(ii)
with z;= M. We shall also need the expression for I; itself; it is

Ij= l-—nMj(n—k-—]) J~oo dr rk—n+2f(M—2j,.2)m f(M—-2j—2r2)n—m
4]
27 . 1 a n—1 )
xj dwj do e-"'vj a2 (r. 0, ) [T M~6,(0,0,0) (2111)
s 0 0

0 r w=k+1

with ¢ given by (2.106).
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2.7. Convergence of the Renormalized Green Functions

The power counting bounds show that divergences in the scale sums
of graphs contributing to the Green functions come from unrenormalized
two-legged insertions, as discussed at length in the Introduction. In this
section we show that the renormalized Green functions converge in the
limit /- — o in every order in perturbation theory, i.e., that the scale sum
for the value of any graph converges. The bound for this value depends
on the order of perturbation theory r, and for some graphs it contains a
factor r!. We show that under the stated assumptions, in particular because
of the nonnesting condition A3, these factorials in bounds for single graphs
can arise only from the lack of decay of those forks / with E{ G,’) =4 for
which the graph G(f) is nonoverlapping. For the overlapping graphs, such
factorials do not arise even if G,’ is four-legged, because the improved
power counting always produces enough decay to make the scale sum con-
vergent instead of marginal. We state this precisely in this section and
prove Theorems 1.2 and 1.3.

We shall show finiteness of the renormalized Green functions by
deriving power counting bounds for the two- and four-legged effective ver-
tices that arise in the scale flow. The two-legged vertices correspond to the
r- and c-forks. Although dealing with these effective two- and four-legged
vertices is a standard procedure of handling trees and labeled graphs, what
is not standard here is the behavior of the c-forks. Normally'>* they are
constants, and therefore any derivative acting on them gives zero (such
derivatives always arise from the Taylor expansions used to perform renor-
malization cancellations). In the nonspherical case, however, the c-forks are
still momentum dependent because the shape of S is not fixed by a sym-
metry. Since the scales of c-forks are summed downward, the ordinary
power counting bounds are insufficient to show convergence of a differen-
tiated c-fork, and the improved power counting bounds are necessary.

For M>1,neN, heZ, and ¢> 0, define the function

b &)=Y (] +p+1) M~ (2.112)

p=1

Obviously, 4 is monotonically increasing in [A] and (Jh| +1)" 2, (h, &) &
A+ alh, €). This function bounds the effect of # of the marginal four-forks
mentioned above on the scale sum of the fork below this. The following
properties allow one to collect the accumulated effect of such factors when
summing scales down a fixed tree.

Lemma 2.44. Let £é>0 and Mye)=2%. Then for all M > M,,
aze allmyneZ, and all jeZ, j<O0:
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(1) A Fs €Y Ay €) S Ay 1l /s €)

(i) 2 W+ 0" M4 ey <=M~ 4, L), 6/2) MY

I<j
L2 0 ul s €/2) MY (2.113)
0
(iii) Skl + 1) MRA (R, ef2) <22, L, €/2) (2.114)
A=j+t
0 .
(iv) Sl + 1) M= D) (b, &/2) < A o ol 8/2) (2.115)
h=j+1
(v) At fixed n,
A, (k, g) La,k"+b, (2.116)
with
2"
all = E_
M= (2117

b= ¥ (Zp+ 1y M

pzl
Proof. (i) By definition,

Aoy Afney=Y (jl+p+1)"({Ijl+g+ 1)y M—or+a

p.g=1

< 2 (ljl+max{p,q}+1)"'+"M"€(p+{/)

p.g=]

<2
#H

i P18

2
(14 Dmen 3 M
1

ve=1|

<2 Y M7, 000e)

v=1

—€

M
—_— ] 2.118
<2 1 -_M-g A‘m-{—n(}’ 8) ( )

Since M< =4, {i) holds.
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(i) Setting /=j—k, k>0, we can rewrite the sum as

==} o

MYy (|jl+k+1D)" M™Y. M~P2(|jl+k+p+1)"

k=0 p=0
. > g ol

SMY Y, M~P(|jl+g+1)" Y, M~*P(|jl+k+ D" (2119
g=0 k=0

In the sum over k, we estimate each term by |jl+k+1<|jl+qg+1.
Extending the sum over & to oo, we obtain the result.

(ii1) Since for each & in the sum |k| < ||,

(1A} + 1) A, &/2) < (L1 + 1) A,(J> €/2) < Ayl T €/2)

we have
0
> (R D MY 6f2) < Ayl gf2) Y MR
h=j+1 heo

<24, 4 00J:€/2) (2.120)

(iv) As in the proof of (iii),

]

> (i aare i, (n3)

h=j+1 2

S'111-§~m <]’ %) Z M_“(h—j'

hzj+1

< M~ P <a>
\I_M__(; “1t -+ m ]?2

1 £ e
ST n+m -a— < n+m "_ .
@1 <’ 2) Fa <’ 2> (2120

(v)

L(k3)= X Gerpriy e

p=1
k—1
=) (ktp+ 1M+ Y (k+p+1)" M~

p=1 pzk

SQky Y M™+ Y (2p+1y' M~

r=1 przl

<a,k"+b, (2.122)

with a, and b, as given in the statement of the lemma. |



Perturbation Theory Around Nonnested Fermi Surfaces 1285

Remark 2.45. Given any labeled graph G’ with tree ¢ contributing
to the renormalized Green functions, we will now construct the quotient
graph G’ mentioned in Remark 2.16(ii) and the corresponding tree ¢'. We
recall that G’ is to have the following properties: G’ has only two- and
four-legged vertices, with vertex functions that are either interaction ver-
tices or values of 1PI two- or four-legged subgraphs. The only nontrivial
two-legged subdiagrams of G' that correspond to forks of ¢’ are strings of
two-legged vertices. Any nontrivial four-legged subdiagram of G’ that
corresponds to a fork of ' consists of a single four-legged vertex with
strings of two-legged vertices appended. The significance of this in the
inductive proof of finiteness of the infrared limit is that the scale sum over
the scales of forks fet' can be easily bounded once the vertex functions of
G' are controlled—and the latter will be covered by an appropriate induc-
tive hypothesis because they are of lower order.

Let ¢ be the root of ¢, and let f,..., f, be all forks of ¢ that satisfy: for
all ke {1,..,r}, the number of external legs of G, is two or four, and f is
minimal in the sense that there is no fork g such that ¢ < g < f}, and G, has
two or four external legs. Let 7 be the tree rooted at ¢ and obtained from
t by trimming ¢ at f|,.., f, (e, by collapsing ty,> as defined in Defini-
tion 2.27, to a leaf) so that f,..., f are leaves of 7, with vertex functions
Val(G’ ). The result is a graph G and a tree 7, such that no fork of 7
corresponds to a nontrivial two- or four-legged subdiagram. 7 is not yet the
tree with the stated properties because the G, need not be 1P1. When this
is the case, we extend the tree further above f, to construct ¢'.

Let f be one of the forks f,..., f,. If G,is IPI, fis-a leaf of 1. If G,is
1P reducible, then in the transition from 7 to ¢, f is replaced by one fork
with some leaves above it. We now specify the procedure for getting ' in
the different possible cases.

If fis a c-fork with E(G/) =2, G, must be 1PI, since / Val(G)=0 for
any 1P reducible graph by the support properties of the propagator C;.

If fis an r-fork with E(G,) =2 and G,is 1P reducible, let € be the set
of lines /e L(G,) such that G disconnects if / is cut. If all lines in ¥ are cut,
what remains of G, falls into s connected components ¢;. By the definition
of ¢, all the 6, are two-legged graphs. Moreover, they are all 1PI. Thus G,
is a string of two-legged 1P1 subdiagrams 6,,..., 8, joined by the lines in €,
and

Val(Gy)(p) = S(p) <l_[ T(p) Ci(p )>T(P) (2.123)

i=1

where T, =%, Val(0,). Note that the external lines of G/ must have scales
Ja ) OF below, while each line of ¢ must have scale j,or above By momentum
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conservation, the scale assignments, and (2.16), all /e ¥ must carry scales
J1=Jr=Jnpy+ 1. Since £/C;=0, ¢ applied to the value of such a string is
zero, so effectively 1 — £ is replaced by 1. Let & be one of §,,..., 8,. Then @
can be = G,, where g is an r- or c-fork directly above f, i.e., n(g) = f and
Z=1—¢ or ¢, or 0 is a two-legged graph of root scale j,, in which case
%= 1. Let us call this latter case a same scale insertion. We continue the
construction of ¢ by reinstalling the fork f and adding, for every
ke {l,..,s}, a leaf b, above f which has vertex function 7). Now, G, just
consists of the lines of ¥ and the vertices b,,..., b,.

If G, is four-legged and 1P, f'is a leaf of 7.

Finally, if G, is four-legged and 1PR, remove the strings attached to
G, according to Remark 2.23, and add a leaf, above the fork f, for the 1PI
core of G/, as well as for each 1PI two-legged subdiagram 6, of the strings.
The strings have the same properties as the ones discussed in the 1P-
reducible r-fork case.

Doing this for all of f,..., f,, we obtain the tree ¢'. By construction,
G' = G(r') has the desired properties.

Finally, we note that if G is 1PI, G’ is as well, since it is a quotient
graph of G.

The relation between the scale sums for G and G’ is

Y ValGy= Y  ValG™) (2.124)

Je gt j) Jie g j)

In this formula, ¢ is as usual, but the vertices w of G’ carry a scale index
Jiw» as discussed in Remark 2.16. If j,.=0, w is also a vertex of G, and the
associated vertex function is 5. Otherwise, j,. is the root scale of a subgraph
of G whose value is a vertex function in G’ [given by (2.75)] and j,, is
summed over. For fixed j,,. the summed vertex function is

F.=2.% Y VakG(1,)) (2.125)

Jw Je Fhe Ju)

where 2, € {1 -/, £} for two-legged vertices associated to forks, and 2, = 1
for two-legged vertices corresponding to same scale insertions and for four-
legged vertices. The range of summation for j,. is: a sum <, < .., for
a c-fork, a sum j,, + 1 </, <0 for an r-fork or a four-legged vertex, and
no sum at all, but j, = j,_ .., for a same scale insertion. The last point is
important because these diagrams do not have 1—/ in front, but the
correct factor M7 is there because their scale is fixed. For a fork fe1, let

n=\|{fetf>f, G(f") nonoverlapping, E(G,)=4, G, IPI}| (2.126)
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n, indeed depends only on G and ¢, but not on the scale assignment
Je £t j)

Theorem 2.46. Let G be a graph with E(G) =2m external legs and
t be a tree rooted at a fork ¢ compatible with G, so that (¢, G) contributes
to the renormalized effective action at scale j, G} ,,, . (see Remark 2.16).
For I<j<0 and Je #(1, j), let Val(G’) denote the value of the labeled
graph G’ with root scale j, = j. Let ¢ be the volume improvement exponent
of Proposition 1.1. Let ||, be as in (1.44) and (1.45); recall that for 2m-
point functions with m > 1, the supremum is taken over all 2m — 1 inde-
pendent external momenta entering into G. The numbers of vertices and of

internal lines of G are denoted by | V{G)| and |L(G)|, respectively.

(i) Let G be 1PIL There is a constant Q, such that for se {0, 1, 2}

Y VG, < QE e oy, (1. 5) M

Je J(L )} 2
where
(l+e—s) if E(G)=2m=2
Y(G)=<2—m—~s if E(G)>4 and G(¢) is nonoverlapping
2—m—s+¢ if E(G)>4and G(¢) is overlapping

(2.128)

(ii) Let X=1+ W, + W,, where W, is as in Lemma 2.3(iii}, let K|
and K, be as in Lemma 2.35, U, as in Lemma 2.42, and

K, =max {2(2+d IP,), Muz—ﬁi M o, M“Uz} (2.129)
0

Then

d K') 2
y= DK K K X IKEI;;_;X (2.130)

will do.

(iii) For s<1 and E(G)=2m = 4, the estimate (i) also holds for one-
particle reducible graphs.

(iv) AsI— —00,3 ,c sy Val(G’) converges in | -|, to a function that
obeys the bound (i), and, for G two-legged and 1PL, 3, ¥, _ . ;, Val(G’)
converges in |-|;.
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Proof. We take (i)—(iv) as induction hypotheses and do induction
over the depth of the pair (¢, G), which is defined as

P=max{k: 3\ >fo> - >fi,>¢
with E(G) € {2, 4} for 1 <i<k) (2.131)

In other words, given any leaf of the tree ¢, there are at most P two-legged
or four-legged forks on the unique path between the root ¢ of the tree and
this leaf. Let .#" be as in Lemma 2.31 and recall that ¢ € 4" < G(¢) non-
overlapping. Also, call Q(G)= Q.

If P=0, G has no two- or four-legged subgraphs associated to forks
of t, so ny=0. Since no G, is two-legged, 4" = or A" ={¢}, depending
on whether G(¢) is overlapping or not. Also, once (i)-(iii) are proven, (iv)
is trivial, since Val(G”) does not depend on I at all for P =0. We note right
away that the only places where / will enter for P >0 are in the values of
two-legged subdiagrams through the lower limit of the scale sum for
c-forks.

Case 1. P=0, s=0 with E(G)>4 or E(G)=2 and G(¢) overlap-
ping. By Theorem 2.40,

> Val(G')l,

Je s ))

< (4KO)IL(G)I Kl MY I(M»")Mcj*(w lige. i)

xMP7 N ] MPYr ) [T |6l (2.132)
Jeguj) f>¢ Va(G)
[see (2.24) for the definition of the D/]. Since there are no two- or four-
legged forks (except possibly ¢), D,< —1 holds for all f>¢. In the sum
over Je (1, j), j, runs from j, , to —1, since there are no c-forks /> ¢
(the corresponding subgraph would be two-legged). Thus every scale sum
is bounded by

1

MDI'(I]_fu(y‘))S M_ks___
Z Z 1— M—l

J5> Ju 5 k=0

(2.133)

Doing the scale sums downward from the leaves of ¢ in the standard way,
we get a factor (1 —M~')~' for every fork of ¢, except for ¢. Since every
fork f corresponds to a subgraph of G, the number of forks is bounded by
|L(G)|. Thus

4K, K, = - :
Z IVal(GJ)|0<<_l_;)u__l]> MPeippeilie g )lﬁ“)V(G)I (2_134)

Je g1, j)
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Recalling that D, =2 — m if G has 2m external legs, and that ¢ ¢ 4" <> G(¢)
overlapping, we obtain the statement for s=0.

Case 2. P=0, se{l,2} with E(G)>4 or E(G)=2 and G(¢) over-
lapping. Now we apply s<2 derivatives with respect to the external
momenta. The derivative can act on vertices (interaction lines) or on fer-
mion lines in the spanning tree of the graph. A bound for the number of
targets for each derivative is thus 2 |V(G)| — 1. Because G is connected,
| (G)] < |L{G)| + 1. If the derivatives act on interaction lines, their effect
can be bounded by |J|,. By Lemma 2.3(iii), the effect of s derivatives acting
on fermion lines can be bounded by an additional factor W M ~%  where
J1 1s the lowest scale at which the derivative acts. Moreover, the value of
the differentiated graph can be bounded using Theorem 2.40, since all sup-
port properties remain the same as before.

If G(¢) is overlapping, we use M~/ < M~/ to bound

Y Val(G)], < Ky(4Ko)'M O [(2IL(G)| +1) X]* |o]
Je g ))

xM(Dé‘*'E*S)f Z H MD/‘Uf—jx(f))
Je J(.j)) [>¢

< Q(G) |81\ M Pe+e= ) ) (2.135)

as before. If G(¢) is nonoverlapping and E(G) >4, a similar bound holds
without the & So far irreducibility has played no role, so (iii) holds for
P=0 even with s=2.

Case 3. P=0, E(G)=2, and G(¢) nonoverlapping, se {1,2}. Now
G(r,,) is a nonoverlapping two-legged graph. It is 1PI because it is a
quotient graph of the 1PI graph G. Let s>1. By Remark 241, the
derivative does not act on lines of (7(14,), but only on lines with scale
> j*(¢), where j*(¢) is the lowest scale above 4, as in Theorem 2.40, so
its effect can be bounded by a factor X*M ~¥"¥_ If 1,=1, then j*(¢)=0,
and the derivative can act only on the interaction lines or lines of scale
zero. Otherwise, by Theorem 2.40, we have a factor M¥"® Since s> 1> ¢
and 0= j*(¢) = j,

M= %) < ppie—s)) (2.136)

and we again obtain the bound (2.135). Note that if the derivative acts only
on interaction lines, the bound is true since 1 < M ¢~/

Case 4. P=0, E(G)=2, and G(¢) nonoverlapping, s =0. We use the
representation (2.92) for Val(G’) and Lemma 2.42. Pick a string S, that
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contains a line of scale j. This is possible because G(¢) is nonoverlapping.
Recall that j is the root scale, hence the lowest possible scale for any line
of the graph. Let

g(pl H q)ma,,,lﬂ/)“
ny—1
= = [T @ piASipDanr.)
(ﬂi)iéfl.m” i=2

X (a]lvl)ou ~~-<z<,,,,_|/]zx,,,1 ~--a2,,,'_3;'}'(p1 LR pml — 19 q’ pl neees pm, —1 ) (2137)
Then

Vi=(Val(G)py (9)= ¥ [d*'p (S)(P))ow 8P Dapr (2138)

The string S, can contain only insertions at scale j, ie., vertices with
generalized self-contractions of scale j because P=0. So

n—1

Si(p)=Ci(po. e(p))” C;(pos e(P))" =" [T Tulp) (2.139)

we=1|

with m > 1, and where the T, are values of 1PI two-legged subdiagrams
with root scale precisely j, and which are nonoverlapping on scale j (those
are not excluded by P =0 because we did not use normal ordering). In the
notation of Lemma 2.42,

IC:J-O:‘ v dr J-.Jt d(p (I-I'é’kp)_" f(M—erz)m f(M—lj—Zr’_’)n—nr
] 0

X j deo (§(r cos @, r sin @, @) — (0, 0, w)) (2.140)
S

with
a—1

b(po, p, ©0)=J(p, ©) g(po, p(p, ), q) T] Tulpo,plp, @) (2.141)

w=l
[as in Lemma 242, jd(o e~ "$(0,0, )=0 because ¢(0,0, w) does not
depend on ¢]. By Taylor expansion,
I/J=J ,.2 di‘ f-" d(p (l'l‘(’iw) —n ﬂM—zj,.z)m f(M—Zj——ZrZ)n-m
0 0

1
xf dcoJ’ dt (cos ¢ Oy +sin @ 3,) §(1r cos @, trsin @, w))  (2.142)
S 0
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As in the proof of Lemma 242, the extra factor of r gained by Taylor
expansion alone would improve the scale behavior by a factor M/
However, there are now derivatives acting on either J, or g, or one of the
T,’s. We consider all these cases separately.

If the derivative acts on J, we use Lemma 2.1(iv) to bound |J|,.
Moreover, we can use the inductive hypothesis (IH) (proven as case 1) for
the four-legged graph F whose value is g to bound

lglo < Q(F) |8) )V (2.143)

Thus this contribution to V; is

n—1 o

<1l lglo TT ITulo |

w=1 0

dr r}="f(M~¥r?) L deo
(2.144)

n—1
SMEM |1 QUF) 18] TT (1T 1o M)

w=1

The root scale behavior of the two-legged graphs is (applying the IH to
their external vertex and the power counting bounds for the propagators)
0. 16|17 M. so the statement follows for this term.

If the derivative acts on one of the T,’s, it can act only on an inter-
action line, or on a scale where the two-legged graph overlaps. Thus,
bounding its value by the IH (proven as case 2 or 3), we have

|T..]; < MYQ,, |6]} T (2.145)

so the contribution from this term is bounded by

n—1|
SMATTEM |l QUF) 18157 TT (@ 18157 (2.146)

w=1

If the derivative acts on g, it affects only %,,. There, it can hit any line of
scale j* or higher, where j* is the scale at which G overlaps, or an interac-
tion line. We now wish to use the argument of Theorem 2.40 to extract the
volume gain. The crucial step in this argument, as applied to the current
situation, is bounding the two overlapping momentum loop integrals

Y=sup f

q. 1%

x 1(le(v,py + v,p(tr sin ¢, 0) +q))| < M’") (2.147)

a'py [ dr [ do fOM ) Wle(py)] < M)

Here p, is the spatial momentum of a loop of %,,, the two factors 1(---)

come from the cutoffs on two lines of that loop, the integrals over r and
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@ come from the momentum integral (2.142) for the string S, and the
factor f(M ~¥r?) comes from the cutoff of one of the lines of S,. This two-
loop integral is not quite of the form of Proposition 1.1, with the most
serious difference being the appearance of p(r sin ¢, ) in place of p(r, ).

However, writing p, =p(p,, ®,), doing the same Taylor expansion as
at the beginning of Appendix A, and using that in the support of the
integrand, r < M/ < M/", we get

1(le(v,py + v, p(2r sin ¢, @) +¢))| < M)

1 (Ie(vlp(O, w) +v,p(0, @,) + q)| < (l +2 |€||> M") (2.148)

Uy

so that

Y< sup J dp, Lder de, |J(py, @) de

g gt ” =M/’

(1601 pO. 1) +0000, 02) + @) < (14210 ) a7

0

<2 |J|0Mfo'W<(l+2|e| )M’") (2.149)

Up

with W the function defined in Appendix A. So by Lemma A.I, the integral
is bounded by C,,M’M’M%". Substituting this into the proof of
Theorem 2.40, we find that the term in which the derivative acts on g is
bounded by

4K, ILCF) n—1
Mcj M WK, <1—]\;—'> lﬁHV(F)l MIWpB—mJ H ITu'IO
K e o v (2.150)
<M(l+e)/M"nW Kl <1 Mo—l) lIV(F)I H w“)l’(T“-)I)
we=1

Collecting the constants into the U, mentioned in Lemma 2.42, this proves
the statement for case 4.

Now assume P> 1 and (i)-(iv) to be proven for all P’ < P. Construct
the graph G’ and its tree ¢’ as in Remark 2.45. Recall that, by construction,
G' has only two- and four-legged vertices. Furthermore, any two-legged
subgraph corresponding to a fork must be a string of two-legged vertices
and any four-legged subgraph corresponding to a fork must consist of a
single four-legged vertex with some strings of two-legged vertices appended.
Recall the definition of the vertex functions F,. and the scale sums involved
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therein from Remark 2.45. By construction of G', all graphs G(t,,) whose
values V,. appear in the definition of F, are 1PI and two- or four-legged,
and they are of depth at most P — 1, so the inductive hypothesis applies to
them. Our procedure is to estimate the norms of |F, |, for s€ {0, 1} (and,
when F, is four-legged, for s =2) first, using the inductive hypothesis, and
then to apply this to complete the induction step using the case P=0,
since, by construction, G’ has depth zero. We abbreviate

Q.= Q(G(1,)) |o]y e

and call n,,=n,if w comes from the fork fe.
Let F,. belong to a c-fork. Then

jn'l w)

¢y V.

Jw=1

1F,l= (2.151)

5

For s=0, by |{T|,<|T),, the inductive hypothesis (IH), and Lemma
2.44(i1),

Jatw)
|Flo < Q.. Z '1"..' <j‘.-, %) Mirto

Je=1

E) Mot +2) (2.152)

< 2Qn'ln..- <j7r(w)v 2

Ifs=1, we use |[£T|, <(1+4d|P|,)|T|;, where d is the spatial dimension,
P is the projection onto S, and |P|, = max, |P;|,, then

Jaiw)
|Fn|l<(l+d|P|l) Z |Vu'|l

Jw=1

jn'(w) .
<Qu(1+d|Ply) Z '1'!.-' (ju" §> M

Jw=1

< 2Qu(1 + d IPl l) Mcj'n(w)l"“' <jn(n'), %) (2153)

by Lemma 2.44(ii), since Y, =e.
If F,. belongs to an r-fork, then

Jw > Jniw)

5

822/84/5-6-27
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For s=0, by (2.37), and because the momentum p flowing through G,.

must be in supp C; , ie., |ipo—e(p)| < M/mn+2

Jatw)?

) 2
|Fu-|o$ Z Mh(“l)-’-zuilell
0

Jw > Jaow)

< Q“. \/5 M- Mjn(wi Z )\.""_ (j“., E) Mjwf

Uy Jw > Jrte 2

2M:
<20, fu— Mjmw)/l,,w <j,,(“.,, g)
0

by Lemma 2.44(iii).
For s=1, we ignore the renormalization gain, and bound

|(1 —/) Vu'll <(2-}_(1|I’Il) IVn'l

Inserting the IH, the scale sum is as in the s =0 case, and

. 14
|Fu' ll < (2 +d |P|l) 2Qn')’n..- <jn(u')’ 5)

If F,. belongs to a same-scale insertion, j,, = j,,.,, and so

&

. .
|F. |, < 0.4, <],,(".,, E) M Jrier Y4B

for all s <2 follows directly from the IH.
If F,. belongs to a four-legged fork of ¢, the IH implies

|Fw |s < Qn' Z ln..‘ <j"., f) M v Yo Gt

Jw > niw) 2

Bound
M ¥s <M — S N Yo jw

If G(w) is overlapping, Y, =¢, so by Lemma 2.44(ii1),

‘Fu' |.r < lerlnuv <j11:(n')’ 2

E) M_~‘fnl w}

(2.155)

(2.156)

(2.157)

(2.158)

(2.159)

{2.160)
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If G(w) is nonoverlapping, Y, =0, and the scale sum grows logarithmically,
ie, as | /.|, and

|Fn'|s s Qu"lnw+l <j7t(u~)ﬂ %) M"'—"jnlw) (2161)
In summary we have for s <1 the bounds
IFW |.\' < Q\r KZ Mjm“l.“ _“l“" <jn( W) %) (2162)

for the vertex functions of two-legged vertices w of G', and for all s <2 the
bounds

IFn' Ix < 2QwM_“j"(“‘jlﬁ“. (jn(u‘)’ %) (2163)
for all four-legged vertices w of G’, with
- {n,,. %f q(w) %s overlapping . (2.164)
n,.+1 if G(w) is nonoverlapping

We return to G’ and complete the inductive step. Choose a spanning
tree T as in Lemma 2.35(i) for G' and fix the momenta, to obtain Val(G'/)
in the form (2.83), with the %, given by the F,. in the present case.

Case 5. P>0, E(G)>2, and G(¢) overlapping, se {0, 1}. Let ¢ be
an external momentum of G, and denote 0,=0/0q,. Then

o Va6 =% ¥ [ TI @ 'p T1 35C(poselmd)

¢ spinsa e LIGH\L(T") le L(G")

x [T 0FFu.p\",ps",ps . Tl O3 FuUp™),,

we VG’ we VG

(2.165)

where the 4 denote the spin assignments for vertex functions and
propagators, as defined in the graph rules. Here o: L(G') u V(G') — {0, 1}
keeps track of which factor gets differentiated, so exactly one of its com-
ponents is nonzero, Y, 0,+ Y., o,.= 1. To count the number of terms in the
sum over g, observe that 0,C -—0 if [¢T'. Since |L(T')}=V(G')—1, the
sum over ¢ 1s bounded by 2 IV( G’)| times the maximum of the summand.
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G(¢) is a quotient graph of G', so G’ is overlapping. Applying Lemma
2.35(ii), using (2.162) and (2.163), and bounding M ~¥== < M ~¥, we obtain

max |0, Val(G"’)|
8

<K,(4K)"M 216l x [ Q.

we V(G')

X MAE+DHG ) =) H MPAC WS =) H (KzMj"“"‘)

Sfer we VaiG')
>4

. &€
X H <2'1n,., <]7t(n')’ 5))
we Vy(G')

By (2.24), since G’ has two- and four-legged vertices, V(G)) =

V4(G)), so
Dy(G')=L(G')—2V(G')— 1) =3(4— E(G))) — V»(G))

By Lemma 2.44(i) and the definition of n,,

L€
H /1 (Jn(n)’ _> <)*n¢ <_/, E)
we Vy(G')

Using the telescope formula (j, = j)

Jaw=Js+ 2 Ur—Jas)=Js+ 2 Ur—Jus) LweG/)
er rer
¢ <§ sln( w) f§,¢

we get

Y Jwe=isIVAGI+ Y Gr—dupn) Y WweG/

we V(G') fet we W(G)
f>¢

SO

[T M= plsIvaonl H M r=du) V1G]
we ViG') fer
I>¢

and we see that all D,(G') get renormalized to

DR(G')=D,(G') + V5(G)) = }(4— E(G))

(2.166)

Vy(Gy) +

(2.167)

(2.168)

(2.169)

(2.170)

(2.171)

(2.172)



Perturbation Theory Around Nonnested Fermi Surfaces 1297

Inserting these estimates into (2.166), summing over Je #(¢, ), and
remembering (2.124), we find

X ValGY),
Je (1))
<(2d V(G X +1) K (4K)! MO K [T Q,

we V(G)

x MAte=s+DUE ”/1,,,< %) Y] MPChay (2173)
Je g(1' j) f er
r>4
We are now back to the case of zero depth, since, by construction, if f is
a two-legged or four-legged fork for G', then j, = j, ,+ 1 by conservation
of momentum. So there is no corresponding scale sum and the last scale
sum is now identical to that of the case with zero depth. It produces a fac-
tor (1 — M ~')~! for all forks of ¢ with E( G,) > 4, except for ¢. The product
of the various constants is now again bounded by Q(G), since the number
of lines of the subgraphs G,. and that of G’ add up to |L(G)|. Finally, we
note that D{*(G') = 3(4 — E(G')) = 2 —m. This proves (i) and (ii) for s <1
and also (ii1) since we have used the assumption that G is 1PI only to
bound | V(G)| < |L(G)|. For general connected graphs, | V(G)| < |L(G)| + 1,
which only changes the constant. For s=2 we will need the 1PI assump-
tion since we cannot afford to have two derivatives acting on c-forks.

Case 6. P>0, E(G)>2, and G(¢) overlapping, s=2. For s=2, we
have to apply another momentum derivative to (2.165). It can act again on
at most 2V(G") targets. However, we have to avoid having two derivatives
act on an F,, coming from a c-fork because the scale sum down to I would
diverge as /- — oo in that case. Whenever the second derivative acts on
the same two-legged vertex as the first (no matter whether this vertex
comes from a c- or an r-fork), we remove it by integration by parts as
follows. Since G is 1PI, so is G', so the momentum through any two-legged
vertex is a linear combination of momenta, at least one of which is a loop
momentum p. So we can rewrite the derivative

— T +—T(ptgq) 2.174
5 TP = 25Tt (2.174)

Integrating by parts with respect to p distributes the derivative on at most
[V] —1 other lines and at most V vertices. Using (2.162) and (2.163), the
estimate follows as in the case s<1, but with the constant (2 |V] X)
replaced by (2 |V] X)? because there are more terms in the sum, and
because the derivatives can now act on two C’s.
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Case 7. P>0, E(G)>=4, and G(¢) nonoverlapping. Just delete all the
M¥ from cases 5 and 6.

Case 8. P>0, E(G)=2, and G(¢) nonoverlapping, s=0. We
proceed as in the case P=0. The value of G again takes the form of
(2.137)—(2.139), but with the T, replaced by 1PI insertions with values F,
[see (2.125)] on the strings S; of G(t,), where F, may now belong to a
c-fork, an r-fork, or an SSIL If F,. belongs to a c-fork, the additional M¥
can be read off (2.152). Since the scale of an SSI is fixed, the additional M¥
follows directly from the IH. Thus if any c-fork or SSI is on the string, the
statement follows immediately.

There remains the case where all insertions on the string are r-forks,
1e, Z.=1—¢ in (2.125). Then the value of G is given by (2.111), with
k=n—1 (only r-forks), and with ¢ and 4,. given by (2.106) and (2.103).
The derivative §/0r acting on ¢ in (2.111) can act on J, or on y, or on the
4., similarly to case 4 above.

If the derivative acts on J, |J|,<A4,/u}, and by Theorem 2.46(i)
(proven as cases 5 and 6 above),

Iylo <1glo < Q(F) [0]Y P M2, <j, g) (2.175)
with F the four-legged graph whose value is g. The insertions to which the
4, belong are of depth < P —1, so by the IH and (2.103), |4,.|, is bounded.
Thus this contribution is bounded by Q(G) |v]}"" 4, (j, &/2) M¥.

The case of the derivative acting on y(r, ¢, ®)=g(rcos ¢,
p(r sin @, @)) is completely similar to that given in case 4.

If the derivative acts on one of the 4,., we apply the IH for s=2 to
the two-legged graph of depth <P —1 that produces 4,.. The gain of M¥
follows immediately from the IH. This completes the induction step for
case 8.

Case 9. P>0, E(G)=2, and G(¢) nonoverlapping, se{l,2}. If
s=1, we choose the spanning tree constructed in Lemma 2.38; then the
derivative with respect to the external momentum can act only on the ver-
tex function %,,. Since the volume improvement is at the same scale, the
statement follows even without an application of Lemma 2.42. If s =2, at
most one derivative can act below j*(¢), and that happens only if it has
to be rerouted to avoid having two derivatives act on a single c-fork.
Bounding it by M~/ and then proceeding as in the case s= 1, we arrive at
a similar bound.

Finally, (iv). The effective vertices in G’ have vertex functions that
depend on I, and that converge as / - — oo by the IH. Since the scales of
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r-forks and four-legged diagrams are summed over a region that does not
depend on [, and since a same-scale insertion has no scale sum at all, (iv)
will be proven if we can show that the scale sum for a c-fork, which runs
from I to j, ), also converges as I— —oo. Let ¥ be the Banach space
(CY[—1,11x4,C),||,). The sequence g'=(g’), <o given by

>, Val(G?) if ne{l.. j.m}
I e Sty n) w (w)
L {0 otherwise (2.176)

is an element of the space /'(Z _, %) by (i). By the IH applied to G,., there
is (g, n<o such that g/ » g, in |-|; as - —oo; in other words, g’ > g
pointwise as a sequence. Let fe/'(Z_,%) be the sequence
M“Q(G,) 4, (n, g/2); then

lel vz .er < Il oz (2.177)

for all /< 0. By dominated convergence, ge/(Z _, %) and

n—

||g’_g||/'(z_,'m= z |g.l.—gn|1—’0 (2.178)

ng0

as > —c0, 80 2, (/. juwy Fn converges in [-|;, which shows that

Vi=2,e sy Val(G') converges in |-|, as /- — co. Morever, if G itself is
two-legged and 1PI,

/1< p;=MIQ(G) A,,(J, £/2) (2.179)

Now repeat the dominated convergence argument for the y; to see that

>.;>17; also converges as I » —co. |

Theorem 2.46 contains the most important information, that of the
renormalization flow of the two- and four-legged, ie., relevant and
marginal, effective vertices. For overlapping four-legged graphs, the bounds
show that the scale behavior is not marginal, but irrelevant in the usual
language of the renormalization group. The convergence as I— —
allows us to view the flow of effective actions to the uncutoff limit G, ,,, , =
lim,, . Gj

2m,r*

Theorem 2.47. Let ||’ be as in (1.46), n, as in Remark 2.45, and
let (¢, G) be fixed. Let

[-1, if E(G)=2and Gis1PI
I |o if E(G)=2and G is 1P-reducible,

or E(G) =4 and G(¢) is overlapping
[-]' otherwise

-l = (2.180)
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Then
—1
Vit,Gy=3 Y ValG’)

j=1 Je gu.j)

converges in | -|| and satisfies

| lim V,(t, G)| <n,!-const!"! (2.181)
I— —w

Proof. For E(G)=2, or E(G)=4 and G(4) overlapping, the state-
ment follows from Theorem 2.46 by summation over j, noting that for
a>0,

Y M¥,(j,€/2) <24,(0, &/2) < const”-n! (2.182)

Jj<0

It remains to show the bound in |-|’. Construct G and 7 as in Remark 2.45.
The two-legged vertices of G are either strings of vertices of G’ or c-forks.
By Theorem 2.46, the scale behavior is

Tu' < ConSth : j'n.,'(jm W) 8/2) Mjn(u'l
for two-legged vertices and
F, <const™ 1 (Juw» €/2)

with 7, =n,, if G(w) is overlapping and 7, =n, + 1 if it is nonoverlapping.
Inserting the second part of Lemma 2.4 and Lemma 2.44(1), it follows now
as in refs. 2 and 3 that the scale sums 3, ,,, ;, Val(G’) converge as I - o,
and that they are uniformly (inJ) bounded by a summable function
in j. The convergence as I - —oo now follows by imitating the proof of
Theorem 2.46(iv), using L'(([ —1, 1] x #)"~'x {1, |}", C) instead of €. |

Remark 2.48. The convergence statements of Theorem 1.2 follow
directly from this, recalling that the graphs contributing to X2 and K are
1PI and two-legged, and that the sum over trees r at fixed G is always
finite. Under the hypotheses of Theorem 1.3, n, =0 for all ¢ that are com-
patible with G, so, taking into account the 1/n,! to bound the sum over
trees by const”, Theorem 1.3 also follows. The local Borel summability
bound requires an adapted induction scheme that combines the summation
over trees with the bounds of Theorem 2.46, using Felder’s Lemma. We will
not repeat the proof here; it is similar to the one given in ref. 2.
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Remark 2.49. Theorem 2.47 states that the value of every four-
legged graph that is overlapping on root scale converges in the sup norm
to a continuous function. The only four-legged graphs that may produce
a singularity in the four-point function are thus the nonoverlapping
four-legged graphs. By Lemma 2.26, these are the ladder diagrams. The
“dangerous divergences” mentioned in many places in the literature are
those of the four-point function. Their “danger” is that they can produce
factorial growth of the value of individual diagrams when they appear as
subdiagrams and thus may prevent convergence of the renormalized expan-
sion in 4 (even though every order is now finite). Theorem 2.47 shows that
for our class of models with a nonnested Fermi surface, these “dangerous
divergences” can only be produced by dressed ladder diagrams, so that it
suffices to investigate them to see whether r factorials in the value of
individual diagrams of order r appear.

3. THE DERIVATIVE WITH RESPECT TO THE
BAND STRUCTURE

Let D, be the directional derivative with respect to e, as defined in
(1.51). It is obvious from the formula for the value of graphs and the way
e appears in the propagators and in the projection that for a fixed infrared
cutoff 7> —oo, all Green functions have bounded D,, and, moreover, their
multiple derivatives with respect to e exist as multilinear operators.
However, the norms of these operators diverge as I -+ —co. In this section
we show that D, K/(e) converges as / » —oo0, and that K, =lim,_, _, K!is
differentiable in ¢ in the sense of Fréchet. To get bounds that are suitable
for removal of the cutoff I, we have to rearrange some contributions that
appear divergent at first.

To motivate why there is a problem taking this derivative, we first
explain how it affects power counting. Abbreviating f(M ~¥(p2+e(p)?)) =
f;(p), we have that the derivative

£(p) 2M ~%e(p) fi(p)
(ipo—e(p))’ ipo—e(p)

D, Ci(po, e(p)) =< >/1(P) (3.1)

obeys
|D,,Ci(pos e(p))| <const- M~ 1(|ipy—e(p)| € (M’ 2, M/]) |, (32)

which is a factor M ~/ worse than the usual scaling behavior of C; [ Lem-
ma 2.3(iii) . By power counting, a two-legged graph on scale j behaves as



1302 Feldman et al.

M/, so D, removes the decay and seems to make the scale sum marginally
divergent. Similarly, D, also acts on the projection / and can upset renor-
malization cancellations.

In brief, taking a derivative of 1/(ip, —e(p)) effectively produces a
square of the denominator, which, as discussed in the Introduction, is not
locally integrable. The problem that the infrared singularity gets stronger
when derivatives are applied also appears, for example, in Euclidean field
theory with propagators singular at zero momentum, when differentiating
with respect to a mass in the infrared.

However, the singularity of the propagator is on a surface in our case
and this makes a big difference under the nonnestedness assumption A3.
The improved power counting estimate implies that for contributions from
graphs that are overlapping on root scale, the scale sum is actually still
convergent because of the volume improvement factor M?, so that for these
graphs, Y, D, Val(G’) converges. For contributions from nonoverlapping
graphs, one has to apply an integration by parts similar to Lemma 2.42 to
show that the scale sum still converges. So the derivative of K is convergent
without any further insertions or counterterms, because of the geometry of
the singularity. The two above observations will be used to treat general
labeled graphs using Lemma 2.31. Note that in contrast to derivatives with
respect to the external momentum, where momentum routing implied that
lines in the nonoverlapping parts of the graph are never hit by such a
dertivative, derivatives with respect to ¢ will affect all lines, and it requires
a separate argument to remove D, from lines in the nonoverlapping parts
of the tree. When taking norms, there will be several subtleties which we
discuss in detail below.

3.1. Integration by Parts
We start with the simple observation that if Fe C(R, C), then Foe:
# — C satisfies
D, Fe(p)) =F'(e(p)) h(p) (3.3)
and
VE(e(p)) = F'(e(p)) Ve(p) (3.4)

Thus, choosing J as in Lemma 2.1(iii), for p e %(S),

h
D,(Foe)= (a

(@.,F)oe> (35)
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where 2, =u-V, as in Lemma 2.7. Since supp C; <= %(S) for all j< —1,

h(p)
2,e(p)

D, Ci(po, e(p)) = (2,C)(po, e(p)) (3.6)

and this rewriting introduces no singularities since |u-Ve(p)| = u,.
Obviously, then, for Xe CY([ —1,1] x %, C),

[ @% X(9) D,C)(po. e(p))

hu
_ d,
= —[a% C,-(po,e(pnv-(% X> (p) (37)
and thus
hu
L D,(C,X) = _L C,XV.<%>+L C,onX (38)
where
h
(5,,X=D,,X—Q7 2,X (3.9)

By the definition of 6, §,F =0 for all F(p)=>b(p,,e(p)) and all 4. In par-
ticular, J,C;(p) =0. Note, however, that for F(p)= C;(po+qq, e(p+4q)),
0, F will not be zero if ¢ # 0. We shall only use integration by parts for non-
overlapping graphs, so by Remark 2.41 such shifts by additional momenta
g will not occur. Moreover, X will be given by (2.93), so, to get the integra-
tion-by-parts formula, we only have to give the derivative of /.

Lemma 3.1. Let u be fixed independently of e, so that D,u=0.
Then

___hP(g) _ (e
DyP(g) = = 5 o uP(@) = ‘(g,,)“”

(3.10)
D/r(/T) = féh T

On UD(S), 5/,/=/6h and thus 5/,(1 —/)_——(1 —[) 5[,.

Proof. Fix qe %;(S). Changing e to e +ah moves the Fermi surface.
The new surface is S={p: (e +ah)(p)=0}. & is bounded, so for a small
enough, §<,(S). By assumption, changing e does not change the curve
y used to define P(q), since y is an integral curve determined by u and q.
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What changes is the intersection points of y with S. Since this point moves
on y, and y is an integral curve of ,

D, P(q) = fu(P(q)) (3.11)
with a function f= f(e, h, u, q). Inserting this into the equation
0=D,(e(P(q)) =h(P(q)) + Ve(P(q)) - D, P(q) (3.12)

we obtain f= —/(h/%,e) and thus the statement for P.
Since (/T)(¢q) = T(0, P(q)),

=D, T+¢{VT-D,P)q) (3.13)

which, by the formula for D,P, implies (3.10). On UyS), 2,/=0 by
Lemma 2.7. Thus for qe Uy(S),

(0,¢T)q)=(D,/T)q)=(£6,T)q) (3.14)
The statement for 1 — ¢ is obvious. ||

Remark 3.2. Allowing u to vary with e would have given an addi-
tional term parallel to the surface. Since that term vanishes linearly on S,
it can be included without any problems, but the resulting expressions are
more complicated. For our purposes, keeping u fixed is enough. Indeed, for
the bound without V acting on /4, it is necessary since the additional term
contains Vh.

To use this for strings of two-legged insertions, we write the string of
(2.93) as S;(p)=C,, (p)- Yi(p) with

Wi

Yi= H ('%.kTi.k) C;

(3.15)
k=1

and note that for j,, < —1, the momentum pe % (S), so that Lemma 3.1
applies. Since 9, C,, =0 for all &,

Wy Wy

8, Yi=Y T1(2xTix))C., (3.16)

=1 k=1
where

(3.17)

ik,

) ‘_{6,,7‘,-‘/{ lf k=1
Tor if ksl
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We denote
Sip)=C; (p)-0,Y(p) (3.18)

Lemma 3.3. Let G be a nonoverlapping, 1PI, two-legged graph as
in Lemma 2.38 and v, its external vertex. Then

D (Val(G*)(C, U, ... U,)) gy (q)
= ( Val( GJ)( C9 Dhu7[v| EXXE] q{Lr,.))/]ﬂ’ (‘])

n =1 ni—1

+ 3 X[ TT @ P (Sip)yeind

I=1 (@)~ i=1
i%l

j h
x <(S;< Py srer= (S P a0V - (%,) () =g u(p)- V,,,>

" [

X (Jl/m)m---1,,l_|/)'a,,l+|<-~zx2,,l_|ﬂ'(plaPZ*""plu—1! q’Pl’pla""pZm—l)
(3.19)

Proof. For every string S, attached to v,, use (3.15) and integration
by parts

JdP/X(P/) D,S,(p)

(p)

h
mu(l’/)'vsl(ﬂ/)

= [ dp X(p) 6,S,(p) + [ dp, X(p)

h
=Jdp,X(p/) Si(p) —fdp, X(p) Sip) Vg—”e

u

hu
_Jdpl S/(P/)%'VX(PH

u

to remove all derivatives from propagators. The momentum derivatives
acting on %, and the additional summands all arise from integration by

o

parts. [}

Remark 3.4. Less formally, one can say that after applying integra-
tion by parts, no derivative acts on a propagator of G, and that all
derivatives act as d, on functions associated to higher forks in the tree, i.e.,
one of the T, in the strings gets differentiated in the terms in (3.19). If
T; .= T is again a nonoverlapping graph, it is a string of GST graphs; since
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0,C;=0, the derivative only affects 1PI subgraphs, which are then GST
graphs, and we can again apply Remark 241 and Lemma 3.3. For the
momentum derivative contained in J, we will apply Theorem 2.46 directly.
For the D, contained in J,, we apply (3.19) again, to avoid having the
derivative act on lines. This procedure can be iterated according to the
recursive structure of the GST graph G, and all of U, s U, gL differen-
tiated in this procedure. This can be used to make all derivatives act on
higher, overlapping parts of the tree, where the factors M~/ they produce
are controlled by the improved power counting factors M¥. So, the upshot
of (3.8) is that things can be arranged such that the derivative D, also does
not act on lines in the nonoverlapping part of (G’) (as was the case for
derivatives with respect to external momenta). However, because of the
way integration by parts was done here, the price paid for this is that
|Vhlo, not only {h|,, appears in the bound. The integration by parts is
similar to the Taylor expansion in Lemma 2.42, which also produces V/
terms when used on a string on which a factor of & from a D, C; sits.

3.2. Bounds for the Directional Derivative

We now show convergence of the directional derivative and a bound
that contains only |/],. Some parts of the proof will be subtle, and there-
fore we illustrate the two procedures for the lowest order contribution,

-1 -1

Flg)= Y Fa)= Y [d"*'pig=p) Cipo.elp)  (320)

j=1 j=1
We want to bound
-1
DyRg)=[d*pélg—p) ¥ DyClpo.e(p)) (3.21)

i=1

To get the bound in |/|,, we use (3.6) to write

7
DuE(g)=[d"*p g —p) B

(V) Cilpo, () (3.22)

and integrate by parts, to get

h(p)

DI'E(([) = —j d(l+l[) Cj(p(), f(p)) V. <f’((l—l7) 17 e(p)

u(P)> (3.23)
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and bound by (2.21), (2.22), and Lemma 2.1(11)

€|,
IDVF o < KoM a1l ) - (14151 (3:29)

0

Thus, the scale sum converges absolutely if one allows a derivative to act
on h, which gives

|D, F|,<const-|h|, (3.25)

The bound in |k|, is obtained by an integration by parts in p,, using

a i 25 2 2
D, C;(p)=h(p) <la— Ci(po. e(p)) —ZM_"f'(M_"(P6+€(P)‘))> (3.26)
Po

Then D, F;= A;+ B;, where
A(g)= [ d*'p o(g - p) 0,C/( Py, e(p)) ()

= —i [ 'p Cylpo. elBN(—B00)Ng—p) H(D)  (327)

{note that h does not get differentiated since it does not depend on p,), so
|Aj(q)|<K0Mj|ﬁ|l Ao (3.28)

and the scale sum Zj;‘ ; A, converges absolutely. However,
By(q)=—2M~¥ [d"+'pi(g—p) f'(M~H(pi+e(p))  (329)

is O(1), so Zj;‘, |B;j(¢)| = const - ||, and we have to perform the sum over
j before taking |-| to get a sharper bound. We write

-1
Y Big)==2[d"'pilg—p) h(p)[ Zf(M ’J\} (3.30)
i=1

N=pi+ep?
By (2.13)

~1
Y M ¥x)=a(M *'x)—a(x) (3.31)
f=1
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and a'(x)#0 only if xe[M % M 2] by (2.12). So

MZI

-1 2 2
3 Bya)| <2 ol hla a4+ (3 +e(p?) + b2t (2o ))
j=1

<2160 lhlo la'lo [ d7*p

x (1(lipo—e(p) < 1)+ M~ 1(lipo—e(p)| < M"))
<A4K, |8lg la’ |y 1hlo

<const - |A|, (3.32)

Thus, the divergence of 3 |B;| as /— —oo is due to terms that depend on
the scale decomposition. Once the partition of unity is resummed, all that
remains is a boundary term at j=/ which is uniformly bounded as
I— —oo. In general, the contributions to K where this procedure has to be
applied are those from graphs that are nonoverlapping on root scale. There
things are more complicated because the resummation of the partition of
unity has to be done carefully, and because there are a lot more terms from
the integration by parts. Note that the integration-by-parts formula (3.8)
combines nicely with the /-operations; also, the bound in ||, avoids
boundary terms and therefore allows us to show convergence, not only
boundedness, of K' as [ - —oo.

Theorem 3.5. Let G be a IPI two-legged graph and 7 an
associated tree so that (¢, G) contributes to (2.76). Then there is O, >0
such that

Z |D/, V“I(GJHOSQ‘,’-‘GH,{

Je g4, j)

(J, &/2) M¥ |h|, (3.33)

ng
and for all he C!(B, R)

Vih,1,GY=> Y D, Val(G’) convergesin |-|[, as I— —o0
=l Je g (3.34)

Moreover, there is a constant const {(depending on G, 4, and u but inde-
pendent of < 0) such that for all he C'(#, R)

ks 1 )
Y oy ]_[—' Y. D,/ Val(G’)| <const-|hl, (3.35)

j=1 I~Gfe/nf’Je,7(I.j) 0
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Remark 3.6. Note that in (3.35), as in the above example, the
norm is taken after summing over the root scale j. This, as well as the addi-
tional sum Y, _ ; over trees associated to G, is necessary to resum the parti-
tion of unity properly. In all terms where the resummation of the partition
of unity is not necessary, the sum over trees will be replaced by a maximum
over trees times a constant, since the number of trees compatible with a
fixed graph is always finite. The constant appearing in (3.35) depends on
B, e, u, and the graph G in the same way as in Theorem 2.46. In particular,
it is uniform on the set &/ given in (1.53). To reduce notation a little, we
are not going to trace the factors of A through this proof, because it will
be obvious in the proof that the factorials are again only produced by the
nonoverlapping four-legged subgraphs. We denote a polynomial in |jj,
whose coefficients may increase in inequalities and combine with other con-
stants, by pol(j). In that notation, Theorem 2.46 reads

Y., Val(G’)

Je (1))

< pol(j) M/ (3.36)

5

for any 1 ~ G. We also assume ¢ < 1. Note also that (3.35) is not simply an
application of Lemma 2.42, because the latter will cause VA terms in some
cases.

Proof. By (3.10) and (3.9),

h
D,t=¢ <D,,—%_@,,> (3.37)

u

so the left side of (3.35) consists of two terms. Since |£/f]o<|f|,, the con-
tribution to the second term from any fixed ¢, j is

J;
Molo o yaney, (338)

5 /(9; u-v Val(G’))

Je {1} u 0 Uy Je SR
which, by Theorem 2.46(1), is
h )
<Moltlo oy, (13 E) M (3:39)
up 2

As

h .
[hlo |ulo Y oon, <j, %) M¥Y < const - |h|,

Uy j< —1

the second term is consistent with (3.33) and (3.35).

$22/84/5-6-28
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It remains to bound

Z > H— Y ¢D, Val(G’) (3.40)

j=11~G fer f Je (1)) o

Again, we do induction over the depth P of (¢, G), defined in (2.131). The
induction hypothesis (IH) is: if G is two-legged and 1PI and if (1, G) is of
depth P, then (3.33) and (3.34) hold. Moreover:

(a) For all two-legged 1PI graphs G and all ie {[,.., —1},

<const- |hl, (3.41)
0

IZ ) 1'[— Y D, Val(G’)

j=1 t~G fernf Je g1, j)
depth(7,G)< P

Moreover, for any 1PI graph G with E£=2 or 4 external legs and for

e {0, 1},
Z D, Val(G’)

Je (1))

< |Alo pol(j) M ™S/ (3.42)

(b) If G(¢) is overlapping, Y. =1—(E/2) +&—s.
(c) If G(¢) is nonoverlapping,

—1—s if E=4
Y,=<0 if E=2ands=0 (3.43)
e—1 if E=2ands=1

The tree sum in (a} will be necessary to resum the scale decomposition
in the way illustrated in the above example. An informal restatement of (b)
and (c) is that the effect of D, on the scale behavior is similar to that of
a momentum derivative. Note that the 4 does not get differentiated even in
the case s=1; this hinges on the 1P irreducibility of G.

If P=0, G has no nontrivial two- or four-legged forks (so G’, con-
structed in Remark 2.45, is equal to G), there are no /-operations, and
therefore the only factors that depend on e are the propagators. By (3.1),

IDLCAPI S M1 4+2 | f'1.) M+ |hiq
x 1(lipg—e(p)le [M’~2, M’])
<const- M =¥ 1,(p) |hl, (3.44)
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We shall use the just introduced notation 1,(p) in what follows. Also, const
will denote constants that may increase in inequalities and depend on &, u,
and the graph G, but not on j or the infrared cutoff 1.

Case 1. P=0 and G(¢) overlapping. We use Theorem 2.40 to get

|D,, Val(G’)|o < const - [h|o M/2="+%) max M~7 [ MPr—inm  (345)
le L{G} fer
I>¢

Since P=0, max M "< M~/ for all Je #(¢, j), so

Y |D, Val(G’)|o<const - |h|g M =¥ N [ MPts—imn
Je (1)) Je g )) [>¢

(3.46)

and the scale sum over all Je #(¢, j) can be performed as in the P =0 case
of the proof of Theorem 2.46. This proves (b) for s =0. If G is two-legged,
the factor M makes the scale sum over j convergent, and (3.33) (with |A|,
instead of |2|,) and (a) follow. Convergence as / — —oo [that is, (3.34)] is
now obvious because every summand is independent of [ for P =0 and the
series is absolutely convergent (recall also that the number of terms in the
sum over ¢~ G is finite and independent of I). Similarly, an additional
derivative with respect to the external momentum gives another factor
M~"< M~/ Since G is 1P, the spanning tree can always be chosen not to
contain the line where / is, so that s does not get differentiated (alter-
natively, one can use integration by parts to remove the derivative from h).
Thus

Y |D, Val(G’)|, <const- M7=~ ||, (3.47)

Je S )
which proves (b) for s=1.

Case 2. P=0, E(G)=4, and G(¢) nonoverlapping. The same
bounds as above hold, with & replaced by zero.

Case 3. P=0, E(G)=2, and G(¢) nonoverlapping. If E=2, G(¢) is
an ST or GST diagram [see Definition 2.21(ii), (iii)] and so is G(g),
where 74 1s as in Lemma 2.31. Thus Val(G(4)) takes the form given in
Remark 2.41, with an effective vertex v, with 2m legs. We now consider the
case in which all strings consist only of a single propagator (w,=0).
Insertions in these strings are treated as in P> 0.
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¢1j fl)jl et f*’j\\:

Fig. 19. The case G(¢) nonoverlapping, P=0.

If 2m=4, v, is four-legged. Since P=0, v, is a vertex of scale zero.
This can happen only in first order. Then

Val(G')(¢) = Va1(5(¢))(q)=fd"+lp {8(g—p)or 8(0)} C;(po.e(p)) (3.48)

(3.33) follows from (3.24) and the bound (a) follows as in (3.32). Condition
(3.34) is again obvious from (3.33). The bound (c) is obvious for s =0. For
s=1, the derivative with respect to ¢ acts only on &, so (c) holds as well
(actually, with a better exponent).

If 2m 2 6, G and t take the form shown in Fig. 19, withn>1 and f* e¢
the fork such that

f*
G| |
Te

is overlapping (f* exists, since otherwise G would be nonoverlapping,
hence a GST diagram, hence a ST diagram, since P =0, but then 2m =4,
since at scale zero there are only four-legged vertices), so

Y. VallG))g)

Je f(1,))
=Y X - > J ﬁ d?*'pr Col(Pidos €(Pic)) WG, Prsvess Do)
VRTINS IALY T SR S (3.49)
Here
W= Y  ValG()) (3.50)
Je Flaye j*)

G( tr+) is a graph with 2m* + 2 external legs, where m*> max{m — 1,
n—1}, and for each ke {1,.., m*}, either i, = or there is re {1,..,n—1}
such that i, = j,. By assumption, m > 3, so there are at least two lines with
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i, = j. We may choose the labeling such that they are the lines for k=1 and
k=2. Apply D, to (3.49). If it acts on W, it can act only on a propagator
of scale j,= j*, since P=0, and the net effect is, up to constants, a factor
M~"'< M~/" and a factor A(p,). As mentioned in Remark 2.33, G(f*) need
be neither overlapping nor 1PI, but

f*
Gl |
Ty
is overlapping and so the volume integral produces a factor M¥" by

Theorem 2.40. Choosing the spanning tree as in Lemma 2.35, so that all p,
are loop lines, we have that Theorem 2.40 implies

m*

J 1_[ dd+ lpk Cik(pk) Dh W(q’ Prses p"")

k=1

< const - M+ Fime pple—1)J" pgDrej* 2 1_1 M Prtir—Jap)
Je Ly j*) >0 (3.51)

Since P=0, D <0 for all /> f*, and so the scale sum over Je #(t/., j*)
converges by the argument of the P =0 case in the proof of Theorem 2.46.
Since G(f*) has 2m*+2 external legs, D, =2—(m*+1)=1—m*
Calling m,={ke{l,..,m*}: i, =j,} =1, we have

n m¥* n—1

m*=3 m +m—1 and Y =Y m,j,+(m—=1)j (3.52)
r=1 k=1 r=1

Inserting this and using again M“~ /" < M~ we have

m*

Z f 1_[ dd+|pk Cik(pk) Dh W(q’PU""pm")
itz zazi k=1
<const - |hjg M=~ Y MU=+ ELD me;

S>> 1>

X z M(?_—m)j"'—z:':-l'm,j‘
J* = in-
n-—1
. _ P % i—j%
<const- |hlg MF Y, M= T] T Mt

i*=J r=1 igj*

<const- ||, M (3.53)

This proves (c) for s=0, (3.33), and upon summation over j, (a) and
(3.34), for the contribution to (3.40) where D, acts on W. For this
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contribution, the only remaining case is (¢) for s=1. With the spanning
tree we chose, the derivative acts only on the functions associated to those
lines in D, W in which the external momentum enters. When acting on a
propagator, it produces a factor const-M /' <const-M /. The only
dangerous case is when / “sits” on the path through G,. through which the
external momentum is routed, and the additional derivative acts on 4. In
that case we use integration by parts as in the proof of Theorem 2.46 to
remove the derivative from h. This is possible because G is 1PI (note again
that G, need not be 1PI, and if it is not, the derivative will produce a
factor M, not just M /"), Taking absolute values, we obtain the same
bound as before, only multiplied by const - M ~/. This proves (c) for s=1
for the term with D, acting on W.

If D, acts on one of the C,,, ke {1,.., m*}, we can assume without loss
of generality that k=1, since i, =i, =j and i, = j for all k, and the scale
behavior degrades worst when the derivative occurs on the lowest scale.
We have to bound

m* a 5
Uddupl D,Cip)) Y I 1 4¢*'p, C,(p,) <5?> WG, Pysees D)

(jr) r=2 a 0

(3.54)

(where 3, is short for 3, . ... ;. ;) fors=0and s=1. To see (3.33), we
apply the integration-by-parts formula (3.7) to the integral over p,. When
the derivative acts on W, we get the bound (3.53). The term containing
Vh has the same scale behavior as if there had been no derivative at all.
Condition (3.34) follows by the dominated convergence argument of the
proof of Theorem 2.46(iv). To see (a) and (c), we use Lemma 242 in the
p--integration to bound this by

m*

a ¥
<[ ap DG Y [ TT 45, 1C,(p] [ 29* p2 1,(p2) ( ) W
: )~ r=3 09, 1.j
(3.55)
Estimating
|D,,Ci(po, e(p))| < const- M~ |h|y 1,(p) (3.56)

the C, for k>3 by Lemma 2.3(iii), and rearrranging the product, we find
that (3.54) is bounded by

(3.57)

m* ) a 5
ceons i T (T] a0 41,00 )| (2

(Jjx) =1 o

1.j
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The derivative on W acts on a line in G,. and produces a factor con-
st- M ~". By Theorem 2.40 (and since none of the lines k = 1,..., m* is in the
spanning tree), the result when s=0 is

< const - |h|o Z Mi|+...+:}.,-M(e-1)joMD/.jo Z I—I MPsir=inn)
(k) Je Sl j*) f>0*

(3.58)

The sum over J is estimated as above, and also the rearrangement of the
terms is similar to the previous case, so the bound is yet another

<const - |h|g MY (3.59)

which proves (a), and (c) for s=0. For s=1, we need not apply
Lemma 2.42: the derivative w.r.t. the external momentum can act only on
propagators associated to lines of W, and effectively produces a factor
M ~/7 (it cannot act on h, since 4 is in a string in the present case). The D,
acting on the string causes a factor M~/ as compared to the ordinary
scaling behavior, which we take outside. The bound now follows by the
argument between (3.49) and (3.53).

Some of the bookkeeping of this P =0 case could have been avoided
by normal ordering, but the normal ordering prescription depends on e,
and thus D, would have produced similar terms there. Also, normal order-
ing does not remove the GST graphs, so P>0 has to be dealt with
anyway.

Up to now, the sum over trees was not really used, since the only term
where a resummation of the partition of unity was necessary was the lowest
order term. Let P> (0, and assume that the IH holds for depth P' <P —1.
Now there are also two-legged subdiagrams on which D, can act. It can
also act on the projections £ or 1 —¢ in front of them since projection on
S depends on e. For every 1~ G, we construct the graph G’ as in
Remark 2.45. We rearrange the sum over trees ¢ as follows. Every 1~ G
that gives rise to the same G’ can be split into the tree ' rooted at ¢ and
the subtrees 7, of ¢ associated to every vertex w of G'. Thus, at fixed G', the
sum over all 1 ~ G splits into one over all #' ~G' and given ¢ ~ G’, there is
a sum over trees ¢, rooted at w for every vertex w of G’. Blocking the sum
in that way, we have for every G’ and ¢’ the vertex functions

-3 1‘[ (3.60)

ty~ G fEl..

with F,_ given by (2.125). For two-legged vertices w, @, has the same struc-
ture as the left side of (3.41), but the depth of (¢,., G,,) is smaller than P
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for all ¢,. contributing to the sum for @,.. This is the basis of the induction
scheme.

Case 4. P>0, E(G)=2, 4, and G(¢) overlapping. Then (G')~ (¢) is
overlapping as well. For the derivative of a propagator we again use

|D,C;(p)l <const-1,(p) M~ |h|, (3.61)

If the derivative acts on an r-fork, we write @, =(1 —/) T and use

D1 =) T=(1—¢ )D,,T+/<J/ JT) (3.62)

t

to isolate the term where the renormalization cancellation gets lost. In the
second term, we associate the factor

/
E=¢ <91e9,,T> (3.63)

"

to one of the lines going into G,.. By Theorem 2.46, applied to T,

h
¢ |0<|—1'—9]u|0|Tll<const [y (3.64)
Uo

By the IH (b) or (c),
1,,.(1—=24)D,T|,<const- M/ |D,T|,

<Jhlo M ¥, pol(j) M~

7" Z Jaw)
< |hlo PON fingury) M& (3.65)
Adding (3.64) and (3.65), we obtain
|D,®D,.|o < const - |y (3.66)

so, compared to the usual behavior (2.155), we have lost a factor M7=,

which is the same as saying that there is an extra factor M~/ for one of the

two external legs of the graph G, just as if the D, had acted on that leg.
Similarly, if the derivative acts on a c-fork, @, =/T,

D,{T=¢D,T— f<l—1.ﬁ T> (3.67)
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where

= Y Y 1] Y Val(Gl) (3.68)

i

T<J < jawy tw~ G Sern TS ! J& J(1ej')
application of the IH (a) to the first term and Theorem 2.46 to the second
term yields |D,¢T|, <const - |h|,. Compared to (2.162), the derivative has
again cost us a factor M/, Again, we associate a factor z,= M ~/ to one
of the external legs of G.,..

For an SSI, there is the same factor. For a four-legged vertex, there is
a factor pol( j,,) M~ by the IH (b) and (c).

To summarize, the effect of D, on the scale behavior, as compared to
the power counting behavior (2.162) and (2.163), is accounted for by an
additional factor

2= M (3.69)

on a line of G’. By construction of G', M <M/, so, by Theorem 2.40
[ similar to (2.166)]

|Val(G'J)|°Sconst~MﬂD¢‘G"+s"” H MD/(G')U‘/—/'M/')) l‘[ M

fet we ViG")
f>¢

(3.70)

The proof that the scale sum over Je #(t, j) converges is given following
{2.166), so (b} holds for s =0. For E=2, the sum over j converges because
of the remaining M¥, which proves (3.33) and (a) and (by the usual
dominated convergence argument) also (3.34).

For s=1, we apply an extra derivative with respect to the external
momentum ¢ before taking |-|,. All we have to show is that its effect can
be bounded by a factor const- M /. For its action on a propagator, this
follows from Lemma 2.3(ii1), and for its action on a vertex function @,, that
1s not affected by D, it follows from Theorem 2.46. For its action on D,
of a vertex function coming from an r-fork or a four-legged subdiagram of
G, it follows from the IH (b) and (c), since the scales of these vertices are
summed above j,,. However, we have to avoid two derivatives on any
c-fork, and also prevent the derivative from acting on h. The only case
when two derivatives can act on a c-fork is when D, acts on the c-fork and
0/dq; acts on the same c-fork. The latter derivative can be removed by an
integration by parts because G is 1PI (and then cannot act on 4), so the
bound for s =1 follows as in the proof of Theorem 2.46.
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Case 5. P>0, E(G)=4, and G(¢) nonoverlapping. The bound (c) is
proven as above, omitting the parts used to get £ > 0.

Case 6. P>0, E(G)=2, and G(¢) nonoverlapping. Since G’ is a
quotient graph of G that contains all lines /€ L(G) with j, = j, G ($)=G(¢)
is a GST graph, and so is G (7)), where 7j is the maximal nonoverlapping
subtree of ¢’ rooted at ¢ [Lemma 2.31(i1)]. The value of 5’(1},) 1S an
integral of the form given in Remark 241 (from which we now take the
notation). By construction of 7}, the vertex function %, belongs to a sub-
graph H of G', of scale j* such that G’ overlaps on scale j*. D, can act
on %, or on one of the strings §;. In the former case, the bound follows
by (3.51)~(3.53), because (3.69) applies due to the volume gain at the scale
J* where the derivative acts, and because strings of two-legged subdiagrams
satisfy |S;(p)| <pol(j) M ~/1,(p) by (2.162).

Let D, act on one of the strings. We call j'", defined in Remark 2.41,
the scale of the string S;. We do the case s=1 first. We choose the span-
ning tree as in Lemma 2.38; then the additional derivative with respect to
the external momentum g acts only on %,,, i.e., at a scale where there is an
improvement factor M%", and it cannot act on /. The effect of D, is again
accounted for by a factor M ~/"" < M~/ on one of the lines. Taking the M ~/
in front, (c), for s=1, follows by (3.51)—(3.53).

For the final case s=0, we consider two situations, sketched in
Fig. 20, separately.

(A) There is a string of scale j (i.e., root scale) on which D, does not
act. (This is the case if there are at least two strings of scale j or
if D, acts on a string S’ of higher scale.)

(B) There is only one string on root scale, and D, acts onit.

{A) By (3.69) (and since all insertions in a string are two-legged), there
is effectively an M~ and a factor i(p'), where p’ is the loop momentum

Lemma 2.42

> . .a.p.plied he;e

J

(4) (B)

Fig. 20. The case G(¢) nonoverlapping and D, acting at root scale.
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of S'. We apply the Taylor expansion procedure of Lemma 2.42 to the
string of scale j on which D, did not act (see Fig. 20A). Although this
produces derivatives on other factors in the expression for Val(G), there are
no Vh terms, because p' is an independent loop momentum. The Taylor
expansion generates two kinds of terms, one from acting on the r-forks,
bounded by

const- M ¥ |T|, |, |o <pol(j) MM == |, |, (3.71)

by Theorem 2.46 (this includes the sum over the scale of T as well as the
loop integral) and thus convergent, and one where %, gets differentiated,

0
p) ’% . (q, p,.--)l (3.72)

The scale balance is i1dentical to the P =0 case, so (3.57)-(3.59) hold, with
const replaced by pol(j). This proves (c) and (a).

(B) In this case, the vertex v, is a four-legged vertex of G' with a ver-
tex function # =%, to which the IH applies. We thus have to bound
2 >1X;(q), where

X(q)=[d*'p 9, p) D,S(p) (3.73)

In some of the following cases, we need to resolve the four-legged graph to
which the # is associated (unless it is a vertex of scale zero, which behaves
as a vertex with improvement factor M’ whenever a derivative acts on it).
The vertex function % is given by the scale sum

Yg.p)= ) %lq.p) (3.74)
izj+1
with %], < pol(i) M~ (see Fig.20). Note that by Theorem 2.40 and by
construction of 7, there is a volume gain M¥" in the entire integral for X.
S is a string of length n,

J+1 n—1
S(p)y= -3, <H Cipg. e p))JiTA(p)> C,.(po,e(p)) (3.75)
7

N dn—1= k=1
min{ e fu-1} =7
The T, are scale sums of 1PI two-legged insertions and thus dependent on
Jjand Ze{l,/,1—¢}. The T, obey the bounds of Theorem 2.46 and, as
graphs of depth P'< P—1, also the IH. The undifferentiated string obeys
|S(pI < 1;(p) pol(j) M~/ by (2.162).
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The form of the scale sum in (3.75) is due to the sum over all trees
' ~ G', which contains a sum over all these assignments. This is the point
where the tree sum is necessary, as will be seen when the partition of unity
is resummed.

If D, acts on an insertion from an r-fork, we get the two terms of
(3.62). The first one is bounded using (3.65), so in this term the D, changes
the root scale behavior from M’ to M? For the second term, call
U=(h/2,¢e) 2,T. By (3.64), |U|, < const - |h|,, including the sum over the
scale of 7. This amounts to a loss of M . Apply Lemma 2.42 to the string
S to extract another M’~/" and use the volume gain of M’". Note that the
Taylor expansion does not produce any derivatives of & since (in the nota-
tion of Lemma 2.42) /U(p) = U(0, 0, ) does not depend on r and ¢. The
loss of the renormalization cancellation would make the scale sum over j
marginal, but the extra M¥ makes it convergent. This proves (c¢) and (a)
for this contribution.

The case of D, acting on a c-fork 1s similar since

9’1 e "

J
D,(T=((D,T)—¢ (—’ g T>

The second term is bounded by |A|, pol(j) M¥ by (2.153). The IH applies
to the first term, but we have to make up for the loss of the usual factor
MU =% of (2.162). Therefore, after applying D,,, we use Lemma 2.42 in the
same way as for the /U term of the just treated r-fork case. The Taylor
expansion is such that the term /D, T is treated like a constant. Thus, after
Taylor expanding and collecting the gain M¥, we find that |/D, T|, appears
in the bound. The IH applies and implies (¢) and (a) for this contribution.
For SSI, write 1 =1—¢+ ¢ and treat the two terms as above.

Finally, D, can act on a propagator of scale j (or j+ ). Now we may
assume that there are no c-forks or same scale insertions or r-forks of scale
below, for example, j+ 7 on the string S, since otherwise (¢) and (a) follow
immediately from the improved power counting behavior (2.152), which
suffices by itself to control the M~/ from the action of D,. The strategy is
now similar to that of the lowest order example. To get (3.33), we apply
(3.7). There are three terms: the term containing V - (hu/%,e) has the same
scale behavior as if the derivative had not acted (but contains a VA). The
second term is when u-V =9, acts on an r-fork (1 —/) T. Since 2,£ =0,
the result is (1 —¢)2,T+/%,T. By Theorem 2.46, the first summand has
anet M/Y . M/ *+5=2 =M% and the second is treated by Lemma 2.42,
as above. The third term is when 2, acts on #. In that case, we resolve the
corresponding subgraph and proceed as in the case #%,,. So in all cases, the
scale behavior deteriorates from M7 only to M9, which proves (3.33), and,
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by the same argument as in the proof of Theorem 2.46, also (3.34). For the
proof of (a) and (c) we must again consider two terms, because

D, C;(p) = h(p)(i0o C;(p) —2M ~%f(p))

In the string S, actually a product C;(p)" C;,(p)"~" appears, where
m =1 depends on the scale assignments, and the relevant formula is

D,,(H cj,(p))
I=1

=h(p)idy [] C
=1

2h(p) [6 < i _y >]
=y = M~ ¥ix 3.76
(iPo—e(P))n_l Ox /1:[| f( \) .\'=p3+e(p)l ( )

In the contribution of the first term to (3.76), we integrate by parts in p,.
There is no boundary term. & depends only on p, so ¢, can act only on the
vertex function % or on an r-fork. In the former case, we combine the
known behavior |#|, <pol(j) M~/", Theorem 2.40, to get the volume
factor M¥", and Theorem 2.46 for the T, and the standard bounds for C;,

[ @9 5(p) 5= 9. ) )| < poIC) Il b7~ bt
0

< |h|o pol(j) M#* (3.77)

to see that the scale sum converges [ more precisely, we apply the proce-
dure of (3.49)-(3.53), which by now should be routine].

If 8, acts on an r-fork, we get two terms from 0y(1 — /) T=0,T=
(1=¢)0,T+¢0,T. Recalling that T is given by a scale sum T'=3,, ; T},
recalling (2.97), and using Lemma 2.7, we have

2
((1=£)84Tlo, < ¥, [(1=¢)8,T, |o,\£Mf YT, (378)

i>j i>j

By Theorem 2.46(i), this is

SﬁM"ME/’Q (T |U|IV(T)| Z /1"T< )Mi(e—l)
Uy

i>j

2 , e £ 1
\[MJMS/Q(T o] AT pgA 1)/1"T< )1 o

<const- M* (3.79)
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The second term is not as easy because there is no reason for /0,7 to be
small. Here we have to use another integration by parts, and in some terms
an additional resummation, as follows. We have to bound

n—1

X = dp h(p) g, P)€3T")p) [T Ciipor ) [T (1-2) T"(p) (3.80)
=1

r=2

for n2 2 (otherwise, such a term does not occur). Superficially, the scale
sum of this looks divergent, but we can use that /0, T is independent of p,
to do another integration by parts. We rewrite X as

n—1

h(p) %(g. p) .
X= £0,TY 1—-2)T™" 3.81
J o g 00T o) T o) TI () (331)

and use that for n>2

1 R 1
(ipo—e(p))" n—109py (ipo—e(p))” !

(3.82)

to get

- b 9
" n—1J (ipp—e(p))" " dp,

( (P) %(q, )¢ T V) p) H 1ikp) ]:[ (-7 T"’> (3.83)

r=2

h and £8,T*" do not depend on p,, so

=i [ 4, 10, TY(p)

X= ,
n—11 % Tipy—e(p))~!

a n—1
xa(ﬂq.m [T 5e) T (1-0) T"’(p)) (3.84)

r=2

If the derivative were not there, the integral would obey the ordinary
power counting bound. We analyze the effect of d,. If the derivative acts on
%, we proceed as above to see that there remains a factor M’ We
postpone the treatment of the term containing 0o [ f;,,(p) to the next
(and final) case. The derivative acting on [](1 —/¢) T*” produces a sum
of terms similar to the one we started with, but with number of r-forks
on the string decreased by one. Thus we may proceed iteratively to
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remove all these terms, so that it remains to estimate (having renumbered
the T7s)

(g, p) (P TT42 (L0, TN p) " o 2
d, 1—-2)T" _— )
J P (iPo—e(P))"—k r=1:[+|( ) (.D) apo /I;Il fﬂ(pl)

(3.85)

for k<n—1. This will be done by resummation, and the procedure is
similar for all k£, and similar to the procedure to deal with the second term
in (3.76), which we discuss now.

We have to bound the integral

hip)
= -2 dd+] Y , -\
? 0>%:>1J p g p) (ipo—e(p))" !

J+1 n—1
X > <H (1—/)Tk(17))
m"_:; ..... _/7}] k=1

X Z M= (M=% (ps+e(p)?) [ SIM ¥ (pi+e(p)?)) (3.86)

=1 rel

by resumming the partition of unity on line number /. To this end, we first
rearrange the sum over the j, by using that for all ke {1,.., n}

1

{UrsndnY dx€ s j+ 1} 0 {L.., =1}, min{ j, .., j,} = j}

7

i

J

~1
=Z(hu | M) (3.87)

Jj=I+1
where

M) ={Grss Ju) Ji=Js Jr € { Ly =1}
and forall r, se {1,.., n}, | j,— j,| <1} (3.88)
Zk(_])_‘{( l? ’jn) jk—jandjr {j,j+1} forr;ﬁk}

To see this, we note that the left side is Z=Z, U Z, with, for each fixed £,

Z|= {(jl""’jn):jk=j1jre{j’j+1}forr#k}

Jj=1I

-1
=ZJ(hHho U Z)) (3.89)

j=I+1
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and
Zl= U {(jl""vjn):jk=j+ lﬁjre {j’]+ 1}
j=T
for r #k, min{ ji,..., j.} =J}
—1
= U {(j,,...,j,,):jk=f,j,e{i—- 1, i}
i=1+1
for r #k, min{ j,,.., j,} =i—1}
—1
= U ¥ (3.90)
Jj=I+1
Here
Vk(./) = {(]l’a.]n).jk=./’jre {]— 17]}
for r £k and min{j,,..., j,} =j—1}
We have
-1
Z=ZdHu | (Zd)HoV)) (391)
Jj=TI+1
Finally,

Z{ )Y Vid)) = {1 Ju): Ju=jand either j,e{j, j+ 1} Vr#k

or j,e {j—1, j} Vr#k with min{j,,..., j,} =j—1}
(3.92)

The condition min{j,,.., j,} =j—1 implies that the sequence (j..., /)
appears only once [i.e., Z(J) n Vi(j)= & ]. The result is then obviously
equivalent to | j, —j,| <1 for all r, s.

We apply this to Y as follows. Note that all T, and % depend on j
(unless ¥ is just a vertex of scale zero). For all re {1,..,n—1}, T, actually
depends on the scale j, of a line going into 7,. Fix all j, for r #k; then the
scales of all T, are fixed. If % depends on J, it is of the form

Y(g,p)=> %q,p) (3.93)

i>j
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We interchange the sums over i and j,

h(p)

Yg=—2 Y Y fd“*’p@i(q,p)w

0>izl i>j=1

Jj+1 n—1
<y (1‘[ (1-¢ T(p))

y=1

x 3 MTIf (M (pi+e(@)) [T M P (pi+e(@)?)  (3.94)

=1 r#l

We have

U {Urses Ju € {0, j+ 1} n{Ly =1}, min{ jy ey jo} =J}

=V (i+DHuZ v | M) (3.95)

j=I1+1

as before. Choose k=/+1 or k=/—1; then

n—1

% [T (=0T (p) [T AAM ¥ (pi+e(p)))

(Jly i) EMp)) s=1 r#l

x M~¥f' (M~ (pl+e(p)?))

= sl 19 N
= > <H(l—/)T.,v(p)> > [af(M“f'x)

(St v jn) € Ml J) Jr=j-1
Jinot summed

:I.\'=ps+c(p)2

s=1

x [T AM™%(ps+e()*) (M~ (pg+e(p)?) (3.96)

ré ik}
By momentum conservation and the support properties of the f
i

(2.16), we can now extend the sum over j, to the entire interval {I,..,}.
Using

Z SIM~¥x)=a(M~2x)—a(M 2+ x) (3.97)
[see (2.12) and following] and calling E*=p2+ ¢(p)>, we have
1]

AAM~YE?) Y, MM~V E?)
gr=1

=f(M—2jE2)( —7I I(M—"IE ) —7(i+l)af(M—2(i+l)E2)) (398)

822/84/5-6-29
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Since a'(x) #0 only for xe (M =4 M ~?) and f(x) #0 only for xe (M4, 1),
SIM~*x)a'(M~¥x)=0forall x unlesske {/,/—1}

Since je{l,., i}, the only nonzero terms in the sum over j are j=1I and
j=1i. Thus we get four boundary terms in the estimate for Y, two at both
the lower and upper ends of the summation region; the two from B, (i)
and B, ,(f) are similar to the following two, which we discuss in detail.

If j=1, we estimate

hip)
2 M—zl d(l+l {7/1( , )—
0>¥>1 '[ poiap (ipo—e(p))" !

n—1

x Y  [la-0OTip

(Sl i) EMD s=1
Jrnot summed

x [T SIM~%(pg+e(p)?)

ré (k)

—1
<const: ko ¥ [d**'p |9(g, p)l
i=1

n—1

n~—l ]._[ p)l

Iipo s=1
x 1(lipo—e(p)l e [M'~2 M']) (3.99)

We now use Taylor expansion for all the r-forks as in the proof of
Theorem 2.46, to bound this by

n—1

~1
<const- il ( TT 4|71, ) M #b = =3 5 {9+ 1p 44, p)
i=]

s=1
Wlipo—e(p)l € [M'~2 M)

n—1
<const- ko R [T IT,I, (3.100)

s=1

where

R=M"~ -’supzfd"+‘p|«?/.~<q.p)| 1(lipo—e(p)l €[ M'~2, M'])  (3.101)

9 =y

By maximality of ;, we know that there is a volume improvement on scale
I, 8O
-1
R< M~ .const- Y M“M? <const (3.102)

i=1
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It remains to be shown that the product over |T,|, stays bounded, i.e., that
there are no factors I. This can be seen by estimating the last sum in
(2.155) differently: by Lemma 2.44(v),

Ijn(w)l ~1
Z )"Il(jw? 8/2) Mju-l: = Z l-,, [ 8/2) M—El

Jw > friw) i=1

(@, "+b,) M~

/A
18

<const-(n, &) (3.103)

independently of /., so, inserting this into (2.155), we get |T,|, <const
for all 5. Thus this term is bounded.
At the upper summation end j=1{, we have to estimate

h(p)
d:l+| ﬂj' , .
OEZIJ P ¥q p)——(lpo_e(p)),._:

n—1

xM~* Y [l O=-OTdp) T SIM~%(p2+e(p)))

(Hadn) € Miti) s=1 ré{k.d}
Jinot summed

—1 .
<const- [kl & M~¥ [ d*'p |9(g, p)| Llipy—e(p)] € [M'~2, M'])
i=1

n—1
XM—(n——l)(i—Z) l_[ (1 —[) T\(P)

y=1

—1 n—1
<const-|hly Y, M~¥ ] IT,,

i=1 =1

x [ d**1p |9(q, p)| 1(lipo—e(p)| € [ M=% M) (3.104)

By (3.51)-(3.53) without the D,, the last integral is bounded by
const- M2 +Y 50 this is

n—1

< |hlo 2 M T,

y=1

<const- |hl, | (3.105)
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Remark 3.7. Actually, the following stronger convergence state-
ment holds. Let (¢, G) be fixed, E(G)=2, G 1PL Let |h|, < o0 and for I' > [

I'—1
Viht,G)=Y Y D, Val(G’) (3.106)
ji=1 Jesgu. j)
Then, as I—r —oo, V= V" with |[V7| < |h|, W' and W" vanishes as
I'» —o0. In partlcular, for all k=0,

|Vl(h’ L G)_Vl—k(h, f, G)Ioglhll I;i'/l (3107)

with W,»0as I-» —c0

3.3. Convergence of the Derivative

In this section, we prove Theorems 1.6-1.8. Given all the detailed
information about the two-legged and four-legged vertices that we have
gathered in the last two sections, these proofs will be applications of
elementary convergence theorems for absolutely convergent series. For the
convenience of the reader, we summarize the results derived so far. Recall
the explicit expression (2.76),

-2 Z > H— Y Val(G')0, P(p))

G j=I 1~ Gfetnf Je g j)

For all r>1, K! converges as I— o in |-|, to a function K,e C'(4, R)
{see Section 2.7). Let &/ be as in Definition (1.53), and ¥ as defined there-
after. Let ¢ be in . Since for /> —oo, K! is differentiable in the sense of
Fréchet,'® the derivative (K!)'e€.¥ can be evaluated as the directional
derivative

(K'Y (h)=D,K(e) (3.108)

Fix r =1, let /= —n, and denote K" =«,. Then by (3.33) (summed from
—n—m to —n), (k,),, satisfies

lim sup sup [k (h)y — K, (B o=0 (3.109)
n—w m>0 |h)=1 |/|I
for all m > 1; thus it converges in operator norm [-|, to an operator
Kkl e . By (3.108),
Kk,(h)= lim D,x, (3.110)

"n—= o
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so by (3.35)

[ki(h)]|o < const- |k, (3.111)
So far this was all at fixed ec.s/. The constants and bounds depend
on uy, & |e|,, |u|,, and the size & of the neighborhood of S. By definition
of &7, (1.53), every ee .« has a neighborhood % on which these constants
are uniform, and thus all the above bounds hold uniformly in e, and also
the convergence is uniform. It remains to be shown that «’ is the derivative

of « and that the map e — «/, is continuous on /. We first show by an
g/3-argument that e — «, is continuous, as follows. Write

K:'| _K:'3=Ki'| _K:l(el) +K:x(el) —'K:x(EZ) +h‘:1(€2) _K[ (3112)

e

Let ¢ > 0; then there is # > 1 such that ||« —x(e))|| <&/3 for all ¢;e %. Fix
I'= —n with that property. At fixed I,

I(K7) (e1) = (KDY (e) < C, lle; —es| (3.113)
C, grows with I, but we need only one fixed value of I. So for e, —e,| <
e/(3C)), |k,(e,) —kK,lex)] <e It is now easy to see that k' is the derivative

of K, =k since

Kn(e?_) - Kn(el ) = K:l(el )(e’l - el)

1
+j ds [Kk,((1 —s) e, +5e,)—xK'(e,){es—e,) (3.114)
0
so, taking the limit n — oo, and calling h=e,—¢,,
1
Kley+h) = r(e)) =Ko+ | ds (klp=r)0)  (3115)

The second term is o(#) by continuity of k', so k' is indeed the derivative
of k. This proves Theorem 1.6.

Proof of Theorem 1.7. Let ¢, and e, be as stated in Theorem 1.7,
KB(e)=3R | 1K (e), and e, + K'®(e,) =, + KF(e,). Then

s=]

19
ez—e1+J ds = K'®((1—5) e, +5e,) =0 (3.116)
0 6s

that 1s,
(1+L)e,—e)=0 (3.117)
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with
B
L(h)=flds Y. FKi(e + s(e;—e)))(h) (3.118)
0

s=1

Since ¢, + s(e, —e,) e for all se[0, 1],
[K(e, +s(es—e ) o< C, (3.119)

so |L||, <1 and 1+ L is injective. Thus e, —e; =0. |

Theorem 1.8 follows from the observation made earlier that any
derivative with respect to the external momentum of a Hartree-Fock-type
graph will only act on #. Since #e C*, so is D,H’, and the statement

follows from a standard application of the contraction mapping theorem.

APPENDIX A. VOLUME ESTIMATES

In this Appendix, we prove Proposition 1.1 and uniformity of C,, and
¢ on the set o defined in (1.53). By definition (1.34), the integral I, is sym-
metric in all three arguments, so we may assume that #; > max{#,, #,}. By
choice of C,, we may also assume that #; is so small that |e(p)| <27y,
implies pe Us(S), with J given in Lemma 2.1, and that ;< G, |e],/2. If S
has more than one connected component, we may also assume that 5, is
so small that the neighborhood |e(p)| <27, falls into the same number of
connected components as S. Let the coordinates (p, w) be as in Lem-
ma 2.1(iv) and denote p as a function of these coordinates by p(p, w); then

I(ny, 12, 173)

m
=sup max f dp,de,J(pl,wl)

qe B vy,ne{-1,1}"—m

n
XJ d/’zf dw, J(ps, @5) 1(le(v,p(py, @) + v2P(p2, @3) + Q)| <1713)

—mn N

A 2
<4<—°> N\ M, Sup  max sup f dw,
Up

qe® vi.me{—11} Ipilp2l<m ™S

x [ oy 1(1e(o,p(p1, @1) +v20(p2, @2) + ) <13) (A1)
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By Lemma 2.1 and the mean value theorem

le(v,p(p1, @)+ 020(p,, @) +q) —e(v, p(0, @,) + v, (0, w,) + q)|
<2 el n73/uo (A2)

for all p,, p, with |p;| <#,. Thus

le(v1p(py, @) + 020(p2, @3) + Q)| <713 (A3)
implies
le(v,p(0, @) + v, P(0, w,) + @) < (1 +2 e], /ug) 75 (A.4)
hence
L1115 12, 13) S 4(Aofug)? nymy W1+ 2 le| /ug) 113) (AS5)
with

W(n)=sup max JS dw, I daw,

qe® v.mei—~11} N

x 1(le(0,p(0, @) + v,p0(0, w,) + Q)| <77) (A6)

Thus the function W(#) contains the improvement over ordinary power
counting. The following lemma implies the bound (1.33) for I, with

Coa =Z;5(1+2 |e|, /up)* (A7)

where Z, is a constant that depends only on Z,, Z,, p, k, g,, and |e|,.
Lemma A.1. W(y)<Z,y°

Proof. Let fe(0,1) and 7 =S x S be the set where the intersection
is transversal,

T ={{w;, 0,) €S XS [1—(n{w,) n(w,))*]'?=n'#} (A.8)

and & its complement, & = Sx S\, and split W(y) = T(n) + E(y) into the
contributions-from these two sets. The idea is that if (w,, w,) € 7, then the
tangent spaces T, S and T,,S span RY, T, S+ T,,S =R and therefore a
combination of w, and w, will be transversal to S, and that & has small
measure because of Assumption A3. § will be chosen at the end.

Fix any (@,, @,)€ 7, and for i€ {1, 2}, let T,=T,;,S as a subspace of
R (in other words, T,= {xe R% n(,) - x =0} ). By transversality, T, n T,
is a proper subspace of both T, and 7,. Choose an ONB q,,..,a,_, for T,
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such that a, is orthogonal to T, n 7>, and an ONB b,,..., b,_, for T, such

that b, is orthogonal to T, n T,; then |a,-b,| = [n(®,) - n(®,)|. Let
by —(by-ay) a,

[1—(n{w,) n{w,))*}"?

a;= (A.9)
For (a},®5,.,%,_;) 1n a neighborhood of the origin, let
(), Aa,..., %s_1) €S be the image of aja, + Y.9=, a;a,e T,; S under the
exponential map. Similarly let w,(f,,.,B84_1)€S be the image of
Y47} Bb,e T;,S. The Jacobian 0(w,, w,)/d(a}, os,..., B4_,) is bounded by
a constant in a neighborhood of the origin. Make the further change of
variables substituting

a,-b,
[1—(n(w,) (@) ]2

Uy U,y
[1—(n(cy) - n(ewa)) 172

for (a, £,). The Jacobian is

ay=a, —

ﬂl=

. a;-b,
O(t), 0ty Oy 13 B Ba 1) — | det [1_(71(w1)"7(w2))2]l/2
a(alvala "xd’ﬂl, aﬂz/—»l) 0 Uy
[1—=(n(ew,) n(ew,))*]""?
U Us -1

== (ntwy) - 12
Define

pi=e(v,p(0, ) +v,p(0, w,) +q)

viewed as a function of «,,..., ¢y, £2,.... B4_;. Note that for 1 €i<d—1

0
% =v, Ve(v,p(0, @) +v,p(0, @,) +q) - q,
A o
and
0p; —a, b
3 = 0, L0, @, ; a
By ot VRO @)+ 0200 D)+ 4)- [ = (e} n(w,))*]"”
2]

+v, Ve(v, p(0, @,) + v2p(0, @,) + q) - by

[1—(n(w,) - n(w,))*]"?
=v, Ve(v,p(0, @,) + v, p(0, w,) +q) - a,
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Because a,,.., a, is an orthonormal basis, there is a j such that

%ps
O

J

0

1 1
=—= |Ve(v,p(0, @,) +v,p(0, w,) +q)| = —=
\/:i 1p 1 p q \/c_igo

and |0p,/dx;| > go/(2 /d) in a neighborhood of the origin. Make a final
change of variables replacing «; by p,. The Jacobian for the composite
change of variables from (w,, w,) to

((X'], Qyyeens K15 ﬂl""’ ﬂd—l)

to

(&) 5oy Uy Bases Ba—t)

to

(), <i<dis#j» (ﬁi)zs,'sd—x, P3)

is bounded by const - #¥ ~!. Covering S x S by a finite number of such coor-
dinate patches, we have

const -
T(s)sconst-ry”"‘f dp, < const - f (A.10)

—const -5

The contribution from the set of exceptional momenta & is bounded
using Assumption A3: fix w, €S, let D(w,) be as in (1.31), and let

6, ={weS: [1—(nw,) n(wy))*]"?<n' ~#} (A.11)

Then by A3(ii), &, < U(2(w,)) with r=(n'"#/Z,)"” (this p is now that
from A3, not the “radial” coordinate), so by A3(i),

E(e) sjs do, dewy < (Zo(Z,) =17y g1 =BVp (A.12)

UnSu))

The optimal bound is when «(1 — 8)/p =4, that is, f=«/(k +p). |

Lemma A.2. Let .o =.4(0, N, gy, €2, 85) be as in (1.53). Then of
is open, and p, k, Z,, Z,, and thus C,, can be chosen uniformly on «,
1e, (1.33) holds with the same ¢ and C,,, for all ec .

Proof. 1t is obvious by definition of & that it is an open set. Let
we S=S(e). Since |n(w)| =1, dn(w) h is orthogonal to n(w)e R for all A
in the tangent space at . Now, Z(w), defined in (1.31), is the zero set of
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b, S—QIS), o' n(w)An(w). Here dp. (w')=dn(w') A n(w), the
mentioned orthogonality, and rank dn > o imply that 2(w) is a C¥~'-sub-
manifold of S of codimension >¢. It is now clear that Assumption A3
holds, with k=0, p=1, and with Z; and Z, depending on the smallest
eigenvalue (in absolute value), hence bounded by a function of g;. Unifor-
mity of C,,; on «h(o, V', g, g2, g3) follows from (A.7), that of ¢ from
Proposition 1.1. |

APPENDIX B. THE ONE-FERMION PROBLEM

Let d =2, I” be a lattice of maximal rank in R% and
I'* ={beR|<b,yye2nZforalyel} (B.1)

be its dual. Let g(x) be a smooth potential that is periodic with respect to
I'. Then the Schrédinger operator —(1/2m} 4+ g(x) commutes with the
unitary lattice translation operators

(T"$)(x) = p(x + ), yel (B.2)

so that the spectrum of —(1/2m) 4 + g(x) is the union over x e RY/I'* of
the spectra of the boundary value problem

1
-3 d+0)d=10
< 2m (B.3)

p(x+y)=e""P(x) Vyel

Label the eigenvalues of this problem, in increasing order, £,(x), ve N.
Denote the corresponding eigenfunctions ¢, (x) and normalize them by
the condition that

f dx | (X)? = V1= VO(RYT) (B4)
RY/r

This normalization is chosen so that when ¢=0, {¢, ,|ve N} ={e**’|
kex+TI*}, and ¢,(x) = (1/2m) k% The boundary value problem

dx+y)=e"¢(x)  Vyel
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is unitarily equivalent to

1
<-—(—iV+K)2+(]) u=2u
2m (B.6)
u(x +y)=u(x) Vyel

As (—iV+x)? is an analytic relatively bounded perturbation of —4, the
eigenvalues ¢,(x) and eigenfunctions ¢, ,(x) depend analytically on « at
every k for which ¢,(x) is a simple eigenvalue. The Fermi surface

4, ={x|3v such that ¢,(x) = u} (B.7)
for chemical potential x is smooth at every x for which

e, (k) =u=(a) ¢, x)is a simple eigenvalue

B3
(b) Ve, (i) #0 (B)

Since Ve, (k) =0 is a system of d equations in d unknowns x, condition (b)
is generically violated only at isolated points in RY/I"*. In this paper, we
exclude it by Assumption A2. We also restrict consideration to one band
since for bands separated by a gap, the band index plays no interesting
role.

The free two-point Schwinger function is

. ¢ —<¢0~ T Y(&)] Do)

= (V L,l Z ¢k(é ¢k (é —(c.-(l\')—/l)re(el,,(,\.')_ﬂ)r,
r
x <¢0’ T[ak.aak'va-'] ¢0>

Y, Pul&) G (&) e BN T DTG, L6,

VLA
N {—x(ev(k) <w), LT
e, (k) > p), >1

- 56” V Ldz¢k () ¢k 5')e“”‘“\) ulr—1')

{X(é‘v(k) <), <1
- (8v(k)>,u); T>TI

dk I ' —ikglt—1' 1
~bos o L | GO R e s (BY)
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where
efk)=e/(K)—u (B.10)

and for =1' the limit r— ¢’ .~ 0 is implied. In the infinite-volume limit

ko d _ _ ,
€& ¢)=0,, % | o B FuE) e

xR+ 2m (27I)d

S S
tkog—e (k)
(B.11)

Since we consider only one band, we drop v and set k =k.
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